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Abstract 

Generalized difFerential cohomology theories, in particular differential 
K-theory (often called "smooth K-theory"), are becoming an important 
tool in differential geometry and in mathematical physics. 

In this survey, we describe the developments of the recent decades in 
this area. In particular, we discuss axiomatic characterizations of differen- 
tial K-theory (and that these uniquely characterize differential K-theory). 
We describe several explicit constructions, based on vector bundles, on 
families of differential operators, or using homotopy theory and classify- 
ing spaces. We explain the most important properties, in particular about 
the multiplicative structure and push-forward maps and will state versions 
of the Riemann-Roch theorem and of Atiyah-Singer family index theorem 
for differential K-theory. 
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1 Introduction 

The most classical differential cohomology theory is ordinary differential co- 
homology with integer coefficients. It has various realizations, e.g. as smooth 
Deligne cohomology (compare [TH]) or as Cheeger-Simons differential charac- 
ters t32j. In the last decade, differential extensions of generalized cohomology 
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theories, in particular of K-theory, have been studied intensively. In part, this 
is motivated by its application in mathematical physics, for the description of 
fields with quantization anomalies in abelian gauge theories, suggested by Freed 
in [55], compare also (H]. 

The basic idea is that a differential cohomology theory should combine co- 
homological information with differential form information. More precisely, 
given a generalized cohomology theory E together with a natural transforma- 
tion ch: E{X) — H{X;N), to cohomology with coefficients in a graded real 
vector space N, and using an appropriate setup one can define the differential 
refinement E of E as a homotopy puUback 

EiX) — '—^ E{X) 



R 



ch 



nd=o{X-N) H{X;N). 

The natural transformations / (the underlying cohomology class) and R (the 
characteristic closed differential form) arc essential parts of the picture. With 
slight abuse of notation, we call R the curvature homomorphism. This is a bit 
of a misnomer, as in a geometric situation R will be determined by the honest 
curvature, but not vice versa. E is not a generalized cohomology theory and not 
meant to be one: it contains differential form information and as a consequence 
is not homotopy invariant. 

If E is ordinary integral cohomology, ch is just induced by the inclusion of 
coefficients Z — >■ M. For K-theory, the situation we are mainly discussing in this 
article, ch is the ordinary Chern character. 

The flat part i?flat(-^) of E{X) is defined as the kernel of the curvature 
morphism: 

£;flat [X] := ker f i? : ^(X) ^ 0(X; 7V)^ 



It turns out that Enai^{X) is a cohomology theory, usually just £'M/Z[— 1], the 
generalized cohomology with M/Z-coefficients with a degree shift: E^.^^{X) = 
EM./X^~'^{X). An original interest in differential K-theory (before it even was 
introduced as such) was its role as a geometric model for A'R/Z. Karoubi in 
[461 Section 7.5] defined ii'~^C/Z using essentially the flat part of a cycle model 
for , compare also Lott [SH Definition 5, Definition 7] where also KM./Tr^ is 
introduced. Homotopy theory provides a universal construction of E'E^/'L for a 
generalized cohomology theory E. However, this is in general hard to combine 
with geometry. 

K-thcory is the home for index theory. The differential K-thcory (in partic- 
ular its different cycle models) and also its flat part naturally are the home for 
index problems, taking more of the geometry into account. Indeed, in suitable 
models it is built into the definitions that geometric families of Dirac operators, 
parameterized by X, give rise to classes in K*{X), where * is the parity of 
the dimension of the fiber. A submersion p: X ^ Z with closed fibers with 
fiberwise geometric spin'^-structure (the precise meaning of geometry will be 
discussed below) is oriented for differential K-theory and one has an associated 
push-forward 

pr. k*{X) k*-'^{Y) 
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(with d = (dini(X) — dim{Z))). The same data also gives rise to a push-forward 
in Dehgne cohomology 

pr. H*{X) H*-'^{Y) . 

There is a unique hft of the Chern charaeter to a natural transformation 

cli: K*{X) ^ . 

Here, the right hand side is the differential extension of H*{X;Q) and one of 
the main results of [55] is a refinement of the classical Riemann-Roch theorem 
to a differential Riemann-Roch theorem which identifies the correction for the 
compatibility of ch with the push- forwards. In [39], Bismut superconnection 
techniques are used to define the analytic index of a geometric family: it can 
be understood as a particular representative of the differential K-theory class of 
a geometric family as above, determined by the analytic solution of the index 
problem. Moreover, they develop a geometric refinement of the topological index 
construction of Atiyah-Singer [2] based on geometrically controlled embeddings 
into Euclidean space (which does not require deep spectral analysis) and prove 
that topological and analytic index in differential K-theory coincide. 

Finally, we observe that, in suitable special situations, we can easily con- 
struct classes in differential K-theory which turn out not to depend on the special 
geometry, but only on the underlying differential-topological data. Typically, 
these live in the flat part of differential K-theory and are certain (generaliza- 
tions of) secondary index invariants. Examples are rho-invariants of the Dirac 
operator twisted with two flat vector bundles (and family versions hereof), or 
the Z/fcZ- index of Lott ^1] for a manifold W whose boundary is identified with 
the disjoint union of k copies of a given manifold M . 

Similar to smooth Deligne cohomology, there is a counterpart of differential 
K-theory in the holomorphic setting |41| and there is an arithmetic Riemann- 
Roch for these groups. This, however, will not be discussed in this survey. 

1.1 Differential cohomology and physics 

A motivation for the introduction of differential K-theory comes from quantum 
physics. The fields of abelian gauge theories are described by objects which 
carry the local field strength information of a closed differential form (assuming 
that there are no sources). Dirac quantization, however, requires that their de 
Rham classes lie in an integral lattice in de Rham cohomology. For Maxwell 
theory the field strength simply is a 2-form which is the curvature of a complex 
line bundle and therefore lies in the image of ordinary integral cohomology. 
For Ramond-Ramond fields in type II string theories it is a differential form of 
higher degree which lies in the image under the Chern character of K-theory, 
as suggested by [57] [37]. Indeed, Witten suggests that D-brane charges in the 
low energy limit of type IIA/B superstring theory are classified by K-theory. 
In this case, even if the field strength differential form is zero, the fields or D- 
brane charges can contain some global information, corresponding to torsion in 
K-theory. 

It is suggested by Freed [3^ that these Ramond-Ramond fields are described 
by classes in differential K-theory (or other generalized differential cohomol- 
ogy theories, depending on the particular physical model). Given a space-time 
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background X and a field represented by a class F g E*{X), this field contains 
the differential form information R{F) (as expected for an abelian gauge field). 
The field equations (generalizing Maxwell's equations) require that dR{F) = 
if there are no sources (which we assume here). However, there is a quantiza- 
tion condition: the de Rham class represented by RiF) is not arbitrary, but lies 
in an integral lattice, namely in im(c/i). Indeed, F also contains the integral 
(and possibly torsion) information of the class I{F) G E*{X). Finally, even 
I{F) and R{F) together don't determine F entirely, there is extra information, 
corresponding to a physically significant potential or holonomy. More precisely, 
E*{X) is the configuration space with a gauge group action. Details of such a 
gauge field theory are studied e.g. in jSOj . where it is shown that the free part 
of E*{X) is an obstruction to a global gauge fixing. Nonetheless, [SO] proposes 
a partition function and among others computes the vacuum expectation value. 

All discussed so far describes the situation without any background field or 
flux. However, such background fields are an important ingredient of the theory. 
Depending on the chosen model and the precise situation, a background field 
can be defined in many different ways. In the classical situation where fields 
are just given by differential forms, a background field is a closed 3-form il. 
It creates an extra term in the field equations. Correspondingly, the relevant 
charges are even or odd forms (depending on the type of the theory) which are 
closed for the differential with dPoj := + a; A f2. And they arc classified 
up to equivalence by the VL-twisted de Rham cohomology 

H^+'^iX) :=ker(d^^)/im(d"). 

When looking at charges in the presence of a background B-field (produc- 
ing an H-fiux) which are classified topologically by K-theory, we need to work 
with twisted K-theory, compare in particular |671 117] . We will give a short in- 
troduction to twisted K-theory in Section 17.11 The role of twisted K-theory 
is discussed a lot in the case of T-duality. T-duality predicts an isomorphism 
of string theories on different background manifolds which are T-dual to each 
other, and in particular an isomorphism of the K-theory groups which classify 
the D-brane charges. 

It turns out, however, that the topology of one of the partners in duality 
dictates a background B-field on the other, and the required isomorphism can 
only hold in twisted K-theory, compare e.g. [ini [13]. In those papers, mainly 
the topological classification of D-brane charges is considered. A new picture 
now arises when one wants to move to T-duality for Ramond-Ramond fields 
described by differential K-theory as explained above. One has to construct 
and study twisted differential K-theory. A first step toward this is carried out 
in [3T]. Now, physicists try to understand T-duality at the level of Ramond- 
Ramond fields, compare e.g. [3] where the ideas are discussed explicitly without 
mathematical rigor. With mathematical rigor, the T-duality isomorphism in 
(twisted) differential K-theory has been worked out by Kahle and Valentino in 
[IS] . We will describe these results in more detail in Section 17.41 

2 Axioms for differential cohomology 

A fruitful approach to generalized cohomology theories is based on the Eilenberg- 
Stccnrod axioms. It turns out that many of the basic properties of smooth 
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Deligne cohomology and differential K-theory also are captured by a rather 
small set of axioms, proposed in [^Hl Section 1.2.2] (and motivated by [55]). 
Therefore, we want to base our treatment of differential K-theory on those ax- 
ioms, as well. 

The starting point is a generalized cohomology theory E, together with a 
natural transformation ch: E{X) — ;> H{X;N), where TV is a graded coefficient 
M-vcctor space. The two basic examples are 

• E(X) = H(X;Z), ordinary cohomology with integer coefficients, where 
N = R and ch is induced by the inclusion of coefficients Z — 5- M. More 
generally, Z can be replaced by any subring of R, e.g. by Q. 

• E{X) ~ K{X), K-theory, where ch is the usual Chcrn character, and 
N = M.[u,u~^] with u of degree 2. Multiplication with u corresponds to 
Bott periodicity 

2.1 Definition. A differential extension of the pair {E,ch) is a functor X 
E{X) from the category of compact smooth manifolds (possibly with boundary) 
to Z-graded groups together with natural transformations 

(1) R: E{X) nd=oiE]N) (curvature) 

(2) /: E{X) E{X) (underlying cohomology class) 

(3) a: n{X;N)/im{d) E{X) (action of forms) . 

Here Vt{E; N) := n{E) ®r ^E1 denote the smooth differential forms with values 
in N, d: n{E; N) n{E; N)[l] the usual de Rham differential and fid=o(£'; N) 
the space of closed differential forms ([1] stands for degree-shift by 1). 

The transformations /, a, R are required to satisfy the following axioms: 

(1) The following diagram commutes 

E{X) — ^ E{X) 

|ii jch (2.2) 

naMX,N) H{X;N) . 

(2) 

Roa^d. (2.3) 

(3) a is of degree 1. 

(4) The following sequence is exact: 

E*-\X) A 0*-i(X,iV)/im(d) A E*{X) 4 E*{X) ^ . (2.4) 

Alternatively, when dealing with K-theory one can and often (e.g. in |26j ) 
does consider the whole theory as Z/2Z-graded with the obvious adjustments. 
Note that with N = K*{pt) eg) R = R[m,u~^] we have natural and canonical 
isomorphism n*{X;N) = ®kez^*+^''iX) and H*{X;N) = ®kezH*+^''{X;R). 
The associated Z/2Z- graded ordinary cohomology is therefore given by the di- 
rect sum of even or odd degree forms. 



^This definition has to be modified in a gcncraUzation to non-compact manifolds! 
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2.5 Corollary. If E is a differential extension of{E,ch), then we have a second 
exact sequence 

E*-\X) ^ H*~\X;N) ^E*{X) ^n*^^Q{X;N) x^i,E*{X) -> 0, (2.6) 

where nd=o{X\ N) Xch_E{X) = {{uj,x) \ Rhani(aj) ~ ch{x)} is the pullback of 
abelian groups. 

Proof This is a direct consequence of (H^, ((^ and □ 

2.7 Definition. Given a differential extension of a cohomology theory {E, ch), 
we define the associated flat functor 

EfiatiX) := ker(i?: E^X) ^ nd=oiX;N)). 

2.8 Remark. The naturality of R indeed imphes that X i— > Efiat{X) is a con- 
travariant functor on the category of smooth manifolds. Actually, this functor 
by Corollary 12.111 is always homotopy invariant and extends to a cohomology 
theory in many examples, as we will discuss in Section [2. 31 Typically, there is a 
natural isomorphism E}i^t{X) =^ EW/T-^iX), but we still don't know whether 
this is necessarily always the case (compare the discussion in [23 Section 5 and 
Section 7]). 

The most interesting cases are not just group valued cohomology functors, 
but multiplicative cohomology theories, for example K-thcory and ordinary co- 
homology. We therefore want typically a differential extension which carries a 
compatible product structure. 

2.9 Definition. Assume that i5 is a multiplicative cohomology theory, that N 
is a Z-graded algebra over M, and that ch is compatible with the ring structures. 
A differential extension E of (i?, ch) is called multiplicative if E together with 
the transformations i?, /, a is a differential extension of [E, ch), and in addition 

(1) _E is a functor to Z-graded rings, 

(2) R and / are multiplicative, 

(3) a{uj)\Jx = a{LjAR{x)) for all x G E{B) and uj € n{B; N) / im{d). 

Deligne cohomology is multiplicative [T8j Chapter 1], |35j Section 6], [20l 
Section 4]. In this paper, we will consider multiplicative extensions K of K- 
theory. 

2.1 Variations of the axiomatic approach 

Our list of axioms for differential cohomology theories seems particularly nat- 
ural: it allows for efficient constructions and to derive the conclusions we are 
interested in. However, for the differential refinements of integral cohomol- 
ogy, a slightly different system of axioms has been proposed in |62| . The main 
point there is that the requirement of a given natural isomorphism E*ji^^{X) 
£JM/Z*^^(X) between the flat part of Definition 12.71 and E with coefficients 
in R/Z. It turns out that, for differential extensions of ordinary cohomology, 
both sets of axioms imply that there is a unique natural isomorphism to Deligne 
cohomology (compare [62] and [27j Section 7]). In particular, for ordinary co- 
homology they are equivalent. The corresponding result holds in general under 
extra assumptions, which are satisfied for K-thcory, compare Section [2.31 
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2.2 Homotopy formula 

A simple, but important consequence of the axioms is the homotopy formula. 
If one differential cohomology class can be deformed to another, this formula 
allows to compute the difference of the two classes entirely in terms of differential 
form information. In a typical application, one will deform an unknown class to 
one which is better understood and that way get one's hands on the complicated 
class one started with. 

2.10 Theorem (Homotopy formula). Let E be a differential extension o/(£^,ch). 
If X £ E{[0, 1] X B) and ik'- -B — !• [0, 1] x i?; 6 n- (fc, b) are the inclusions then 



i\x — IqX = a / R{x) , 

yj[o,i]xB/s j 

where Jj^ i]xb/b denotes integration of differential forms over the fiber of the 
projection p: [0, 1] x B/B with the canonical orientation of the fiber [0, 1]. 

Proof. Note that, if x = p*y for some y e E{B) then by naturality the left hand 
side of the equation is zero. Moreover, in this case R{x) = p*R{x) so that by 
the properties of integration over the fiber the right hand side vanishes, as well. 

In general, observe that p is a homotopy equivalence, so that we always find 
y G E{B) with I{x) = p*y. Using surjectivity of /, we find y G E{B) with 
I{y) = y, and then I{p*y — x) = p*y — y = 0. Since the sequence (|2.4p is exact, 
there is w G ^{B; N) with a{u}) = x — p*y. Stokes' theorem applied to w yields 

ilu! — IqW — / duj. 

J[0,l]xB/B 

On the other hand, because of (j2.3p . dut ~ i?(a(aj)). Substituting, we get 
/ duj^ R{a{uj))= / R{x-p*y)= / R{x) 

J[0,l]xB/B J[QS]xB/B J[0,l]xB/B J[0,l]xB/B 

and (using again vanishing of our expressions for p*y) 



i^x — io — ila{uj) — iQa{uj) — a(i^a; — igUj) = « / ^i^) 

W[oa]xB/B , 



□ 



2.11 Corollary. Given a differential extension E of(E,ch), the associated flat 
functor E flat of Definition \2. 7| is homotopy invariant. 



Proof. Let : [0, 1] x X — > F be a homotopy between / = Ho and g = Hi. 
We have to show that /* = g* : Efiat{Y) -> EfiatiX). By functoriality, it 
suffices to show that i^ = il: Efiat{[Q, 1] x X) ^ Efiat(X), as /* = «5 ° 
and g* = i^ o H* . This, however, follows immediately from Theorem 12. 101 once 
R{x) =0. □ 

We have seen above that E^i^^ is a homotopy invariant functor. Ideally, 
it should extend to a generalized cohomology theory (compare the discussion 
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of Section [OI ■ For this, we need a bit of extra structure which corresponds 
to the suspension isomorphism, and which is typically easily available. We 
formulate this in terms of integration over the fiber ioi X x , originally defined 
in [571 Definition 1.3]. Note that the projection X x X is canonically 

oriented for an arbitrary cohomology theory because the tangent bundle of 
is canonically trivialized. For a push-down in differential cohomology, in general 
we expect that one has to choose geometric data of the fibers, which again we 
can assume to be canonically given for the fiber S^. Orientations and push- 
forward homomorphisms for differential cohomology theories, in particular for 
differential K-thcory are discussed in Section [5j 

2.12 Definition. We say that a differential extension E oi a, cohomology theory 
(E, ch) has -integration if there is a natural transformation Jxxs'-fx ■ ^ 

S^) — >■ E*~^{X) which is compatible with the transformations R,I and the 
"integration over the fiber" n*{X x S^;N) ^ n*~^{X;N) as well as E*{X x 
S^) E*~^{X). In addition, we require that Jxxs'-fxP*^ ~ ^ '^'-'^ each x G 
E*{X) and /_,^^gi/^(idxt)*a; = -x for each x G E*{XxS^), where t: 
is complex conjugation. 

In [271 Corollary 4.3] we prove that in many situations, e.g. for ordinary 
cohomology or for K-theory, there is a canonical choice of integration transfor- 
mation. 

2.13 Tiieorem. If E is a multiplicative differential extension of{E,ch) and if 
E~^{pt) is a torsion group, then E has a canonical -integration as in Defini- 
tion\EM 

2.3 E*^iat generalized cohomology theory iJM/Z 

Let i? be a generalized cohomology theory. In the present section we consider 
a universal differential extension E, i.e. wc take N := E{*) ®z R and let ch : 
E{X) — > H{X; N) be the canonical transformation. 

To E there is an associated generalized cohomology theory E'R/Z [E with 
coefficients in R/Z). It is constructed with the help of stable homotopy theory: 
the cohomology theory E is given by a spectrum (in the sense of stable homotopy 
theory) E, and EM./1 is given by the spectrum EM(R/Z), where M(R/Z) is 
the Moore spectrum of the abelian group R/Z. EM./X is constructed in such a 
way that one has natural long exact sequences 

^ E*{X) EW{X) ER/Z*{X) E*+\X) . . . 

Note that for a finite CW^-complex X one can alternatively write E*{X) (g)R = 
ER*{X) with _E;R defined by smash product with M(R). 

In the fundamental paper [44], Hopkins and Singer construct a specific dif- 
ferential extension for any generalized cohomology theory E. For this particular 
construction, one has by [JH (4.57)] a natural isomorphism 

ER/Z*-\X) ^ E}i,,{X). 

However, this is a consequence of the particular model used in [33]. It is 
therefore an interesting question to which extend the axioms alone imply that 
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Efiat is a generalized cohomology theory. Here, some extra structure about the 
suspension isomorphism seems to be necessary, implemented by the transforma- 
tion "integration over S^" of Definition 12.121 With a surprisingly complicated 
proof one gets [571 Theorem 7.11]: 

2.14 Theorem. // {E, R, /, a, J) is a differential extension of E with integration 
over , then Ej^^^ has natural long exact Mayer- Vietoris sequences. It is equiv- 
alent to the restriction to compact manifolds of a generalized cohomology theory 
represented by a spectrum. Moreover, a: ER* —5- -E^^^ and I: E'^i^^ i?R/Z* 
are natural transformations of cohomology theories and one obtains a natural 
long exact sequence for each finite CW- complex X 

^ Em*-\X) A E}i^^iX) A E*{X) A ER*{X) . (2.15) 

Proof. The long exact sequence (|2.15p is not stated like that in [57] and we 
will need it below, therefore we explain how this is achieved. Because of (|2.3p . 
the restriction of a to EM.*~^{X) (realized as de Rham cohomology, i.e. as 
ker(d: n*~'^{X; N)/ h-n{d) n*{X;N))) hits exactly Efiat{X). The exactness 
at Efiat{X) therefore is a direct consequence of the exactness of (|2.4p . (|2.4p also 
implies immediately that kcr(a) = im(c/i) in (j2.15|) . Because of (j2.2p . chol = 
in (|2.15p . Finally, as /: E*{X) — ^ E{X) is surjective, any x G ker(cft.) can be 
written as I{y) with y £ E*{X) and such that R{y) G im(d), i.e. R{y) = d{(jj) 
for some lj e n*-i(X)/im(d). But then x = I{y - dco) and y - du; e E*i^^{X), 
which implies that (j2.15[) is also exact at E*{X). □ 

2.16 Corollary. Let {E,R,I,a, J) be a differential extension of E with inte- 
gration over , or more generally assume that Efiat has natural long exact 
Mayer- Vietoris sequences. Assume that Xi, X2, Xq := Xir\X2 C X are closed 
submanifolds of codimension with boundary ( and comers ) such the interiors 
of Xi and X2 cover X. Then one has a long exact Mayer-Vietoris sequence 

E]tl{Xo) ^ E"{X) ^ ^"(Xi) ® E"{X2) ^ E"{X„) ^ E'^-^X) ■ ■ ■ 

which continues to the right with the Mayer- Vietoris sequence for E and to the 
left with the Mayer-Vietoris sequence for E. 

Proof. The proof is an standard diagram chase, using the Mayer-Vietoris se- 
quences for E and Efiat, the short exact sequence 

^ 0*(X) ^ 9.*(X{) ® 9.*(X2) ^ n*{Xo) 0, 

the homotopy formula, and the exact sequences (|2.4|) . □ 

2.17 Theorem. //, in addition to the assumption of Theorem \2.14\ E^ is 
finitely generated for each fc G Z and the torsion subgroup E^^^^ (pt) = then 
there is an isomorphism of cohomology theories Eji^^ i?R/Z*"'"^. 

Proof. We claim this statement as [571 Theorem 7.12]. However, the proof 
given there is not correct, and the assertion of |57J Theorem 7.12] unfortunately 
is slightly stronger than the one we can actually prove, namely Theorem 12. 171 
As by Theorem 12.141 Efjnf is a generalized cohomology theory, it is repre- 
sented by a spectrum U, and the natural transformation a by a map of spectra. 
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We extend this to a fiber sequence of spectra F — > ER A U, inducing for each 
compact CW-complex X an associated long exact sequence 

^ F*(X) ^ ER*{X) A E;,,,{X) ^ . (2.18) 

Comparison with (|2.15p implies that the image of F{X) in ER{X) coincides 
with the image of E{X). This means by definition that the composed map of 
spectra F EM. — > E'M/Z is a phantom map. However, under the assumption 
that the E^ is finitely generated for each k, it is shown in [57J Section 8] that 
such a phantom map is automatically trivial. Using the triangulated structure 
of the homotopy category of spectra, we can choose 0, (pp to obtain a map of 
fiber sequences (distinguished triangles) 

F > ER — ^ U 

E > ER > ER/Z. 

with associated diagram of exact sequences which because of the knowledge 
about image and kernel of a specializes to 

E*(x) > ER*{x) — ^ E*+atix) > e;+1{x)^o 

= = ^ (2.19) 

E*{X) > ER*{X) > ER/Z*{X) > E;+1{X) ^ 0. 

Note that we do not claim (and don't know) whether the diagram can be com- 
pleted to a commutative diagram by id: Ef^l{X) — > E^^l^X). 

If Elg^^{pt) = 0, the 5-lemma implies that </):[/—!• ER/Z induces an iso- 
morphism on the point and therefore for all finite CW-complexes. □ 



3 Uniqueness of differential extensions 

Given the many different models of differential extensions of K-theory, many of 
which we are going to described in Section |4j it is reassuring that the resulting 
theory is uniquely determined. The corresponding statement for differential 
extensions of ordinary cohomology has been established in [62[ by Simons and 
Sullivan. For K-theory and many other generalized cohomology theories we will 
establish this in the current section. 

As in Subsection l2.3l we consider universal differential extensions of E. Given 
two extensions E and E' of E with corresponding natural transformations a, / 
as in l2.11 we are looking for a natural isomorphism "J" : E ^ E' compatible with 
the natural transformations. Provided such a natural transformation exists, we 
ask whether it is unique. We have seen that it often is natural to have addition- 
ally a transformation "integration over 5^" as in Definition [233 and we require 
that <I> is compatible with this transformation, as well. 

To construct the transformation <f> in degree k there is the following basic 
strategy: 

• find a classifying space B for E'^ with universal element u £ E^{B). This 
means that for any space X and x g E^{X)^ there is a map f : X ^ B 
(unique up to homotopy) such that x = f*u. 
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• lift this universal element to u G & (B) and show that this class is univer- 
sal for E^, or at least that for a class x G &{X) one can find f: X ^ B 
such that the difference x — f*u is under good control. 

• Obtain similarly u' G {E')^{B). Define the transformation by $(■«) = u' 
and extend by naturality. 

• Check that $ has all desired properties. 

• Uniqueness of $ does follow if the lifts u, vl are uniquely determined by u 
once their curvature is also fixed. 

There are a couple of obvious difficulties implementing this strategy. The 
first is the fact, that the classifying space B almost never has the homotopy 
type of a finite dimensional manifold. Therefore, E{B) is not defined. This 
is solved by replacing _B by a sequence of manifolds approximating B with a 
compatible sequence of classes in E^ which replace u. Then, the construction of 
$ as indicated indeed is possible. However, a priori this has a big flaw. $ is not 
necessarily a transformation of abelian groups. Because of the compatibilities 
with a, R and / the deviation from being additive is rather restricted and in 
the end is a class in EM.^^^{B x B)/ im{ch). The different possible transfor- 
mation are by naturality and the compatibility conditions determined by the 
different lift m' with fixed curvature. This indeterminacy is given by an element 
in EM}''^{B)/ im(cft.). If k is even and E is rationally even, then so is B as 
classifying space of £''"'. It then follows that ER''~'^{B x B)/ im{ch) = {0} and 
EBJ'~^{B)/ im(c/i) = {0}, i.e. $ automatically is additive and unique. 

For k odd, the transformation can then be defined (and is uniquely deter- 
mined) by the requirement that it is compatible with Jxxs'-fX' This construc- 
tion has been carried out in detail in |27j and we arrive at the following theorem. 

3.1 Theorem. Assume that {E, R, I, a, J) and (£", R' , I', a', j') are two differ- 
ential extensions with -integration of a generalized cohomology theory E which 
is rationally even, i.e. E'^^'^^{pt) ® Q = for all fc G Z. Assume furthermore 
that E^{pt) is a finitely generated abelian group for each fc G Z. Then there is 
a unique natural isomorphism between these differential extensions compatible 
with the -integrations. 

If no -orientation is given, the natural isomorphism can still be constructed 
on the even degree part. 

If E and E' are multiplicative, the transformation is automatically multi- 
plicative. Note that the assumptions imply by Theorem \2.13\ that then there is 
a canonical integration. 

If E and E' are defined on all manifold, not only on compact manifolds 
(possibly with boundary), then it suffices to require that E^{pt) is countably 
generated for each fc G Z, and the same assertions hold. 

Proof. The proof is given in |27| and we don't plan to repeat it here. However, 
there we made the slightly stronger assumption that iJ^'^+i [pt) = if is only 
defined on the category of compact manifolds. Let us therefore indicate why 
the stronger result also holds. As described in the strategy, the first task is to 
approximate the classifying spaces B for E'^^ by spaces on which we can evaluate 
E* . These approximations arc constructed inductively by attaching handles to 
obtain the correct homotopy groups (introducing new homotopy, but also killing 
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superfluous homotopy). To construct a compact manifold, we are only allowed 
to attach finitely many handles. Therefore, we have to know a priori that we 
have to kill only a finitely generated homotopy groups. In |27j we assume that 
7ri(i?) = E'^'^^^ipt) is zero, to be allowed to start with a simply connected 
approximation. Then we use that all homotopy groups of a simply connected 
finite CW-space are finitely generated. However, exactly the same holds for 
finite CW-spaces with finite fundamental group, because the higher homotopy 
groups are the homotopy groups of the universal covering, which in this case is 
a finite simply connected CW-complcx. Note that a finitely generated abelian 
group A with A Q = is automatically finite. □ 

3.2 Remark. The general strategy leading toward Theorem 13. II has been devel- 
oped by Moritz Wiethaup 2006/07. However, his work has not been published 
yet. This was then taken up and developed further in [27]. 

3.1 Uniqueness of differential K-theory 

Wc observe that all the assumptions of Theorem 13.11 arc satisfied by K-thcory, 
and also by real K-theory. Therefore, we have the following theorem: 

3.3 Theorem. Given two differential extensions K and K' of complex K- 
theory, there is a unique natural isomorphism A'*^" — > K' compatible with 
all the structure. If the extensions are multiplicative, this transformation is 
compatible with the products. 

If both extensions come with -integration as in Definition \2.12\ there is a 
unique natural isomorphism K — >■ K' compatible with all the structure, including 
the integration. 

In other words, all the different models for differential K-thcory of Section d] 
define the same groups — up to a canonical isomorphism. 

3.4 Remark. In Theorem 13.31 we really have to require the existence of S'"'^- 
integration. In [571 Theorem 6.2] an infinite family of "exotic" differential ex- 
tensions of K-theory are constructed. Essentially, the abelian group structure is 
modified in a subtle way in these examples to produce non-isomorphic functors 
which all satisfy the axioms of Section [2j 

4 Models for differential K-theory 

4.1 Vector bundles with connection 

The most obvious attempt to construct differential cohomology (at least for 
K^) is to use vector bundles with connection. It is technically convenient to also 
add an odd differential form to the cycles. This, indeed is the classical picture 
already used by Karoubi in [461 Section 7] for his definition of "multiplicative 
K-thcory" , which we would call the flat part of differential K-thcory. 

4.1 Definition. A cycle for vector bundle K-theory K^{M) is a triple {E, V, w), 
where E \s & smooth complex Hcrmitean vector bundle over M , V a Hermitean 
connection on E and lo S {M) / \v[\{d) a class of a differential form of odd 
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degree. The curvature of a cycle essentially is defined as the Chern-Weil repre- 

sentative ch(V) tr(e~2xi ) of the Chcrn character of E, computed using the 
connection V: 

R{E,\7,uj) :=ch(V) - duj. 

4-2 Remark. We require the use of Hermitean connections to obtain real valued 
curvature forms. Alternatively, one would have to use as target of ch cohomology 
with complex instead of cohomology with real coefficients. A slightly more 
extensive discussion of this matter can be found in |541 Section 2] . 

We define in the obvious way the sum (i?, V^, a;) + (F, V_f, r?) := (EoF^V e® 
Vi?,w + rj). Two cycles {E,\/,U!) and {E' ,\7' ,uj') arc equivalent if there is a 
third bundle with connection (F, Vp) and an isomorphism E ® F ^ E' (B F 
such that 

ch(V © Vf, $"^(V' ® Vf)$) = w - w', 

where ch(V, V) denotes the transgression Chern form between the two connec- 
tions such that ch(V) - ch(V') = dch(V, V). 

4-3 Remark. In [321 Section 9], a model for differential is given where the 
cycles are Hermitean vector bundles with connection and a unitary automor- 
phism, and an additional form (modulo the image of d) of even degree. The 
relations include in particular a rule for the composition of the unitary automor- 
phisms: if Ui and U2 are two unitary automorphisms of E then V, f/i , wi) -I- 
{E, V, C/2, W2) = V, U2 o Ui,CS{SI, [/i, [/a) + wi + W2), where C5(V, [/i, f/2) 
is the Chern-Simons form relating V, U2VU2^ and U2Ui\7Ui^U2^- We do not 
discuss this model in detail here. 

4.2 Classifying maps 

Hopkins and Singer, in their ground breaking paper j44j give a cocycle model 
of a differential extension E of any cohomology theory (with transformation) 
{E, ch), based on classifying maps. Here, for the construction of E'^{X) one has 
to choose two fundamental ingredients: 

(1) a classifying space Xn for iJ"; note that no smooth structure for X„ is 
required (and could be expected) 

(2) a cocycle c representing ch„, so that, whenever f : X Xn represents a 
class X 6 i?"(X), then f*c represents ch(x) G H^{X]N). We can think 
of this cocycle as an iV-valued singular cocycle, although variations are 
possible. 

A Hopkins-Singer cycle for E{X) then is a so called differential function, 
which by definition is a triple (/, h, lu) consisting of a continuous map / : X — > 
Xn, a closed differential n-form w with values in N and an {n — l)-cochain h 
satisfying 

Sh ^ LU — f*c. 

In other words: / is an explicit representative for a class x g E^{X), and we 
are of course setting /(/, h,uj) = [/] G E^{X). w is a de Rham representative of 
ch(a;), and we are setting R{f, h,uj) lu. This data actually gives two explicit 
representatives for ch{x), namely lu and f*c (here, we have to map both lu and 
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f*c to a common cocycle model for H"{X;N) like smooth singular cochains. 
w defines such a cocycle by the de Rham homomorphism "integrate cj over the 
chain", f*c by restriction). 

By definition, (/i, /ii, oji) and (/o, /lo, wq) are equivalent if ujq ~ uji and there 
is (/, h, pr* uti) on X x [0, 1] which restricts to the two cycles on X x {0} and 
Xx{l}. 

The advantage of this approach is its complete generality. A disadvantage is 
that the cycles don't have a nice geometric interpretation. Moreover, operations 
(like the addition and multiplication) rely on the choice of corresponding maps 
between the classifying spaces realizing those. These maps have then to be used 
to define the same operations on the differential cohomology groups. This is 
typically not very explicit. Moreover, properties like associativity, commutativ- 
ity etc. will not hold on the nose for these classifying maps but are implemented 
by homotopies which have to be taken into account when establishing the same 
properties for the generalized differential cohomology. This can quickly get quite 
cumbersome and we refrain from carrying this out in any detail. 

4.3 Geometric families of elliptic operators 

In [53] , a cycle model for differential K-theory (there called "smooth K-theory" ) 
is developed which is based on local index theory. In spirit, it is similar to the 
passage of the classical model of K-theory via vector bundles to the Kasparov 
KK-model, where all families of generalized index problems are cycles. 

Similarly, the cycles of [53] are geometric families of Dirac operators. It is 
clear that a lot of differential structure has to be present to obtain differential 
K-theory, so the definition has to be more restrictive than in Kasparov's model. 
There are many advantages of an approach with very general cycles: 

• first and most obvious, it is very easy to construct elements of differential 
K-thcory if one has a broad class of cycles. 

• the approach allows for a unified treatment of even and odd degrees 

• the fiexibilities of the cycles allows for explicit constructions in many con- 
texts. In particular, it is easy to explicitly define the product and also the 
push-forward along a fiber-bundle. 

It might seems as a disadvantage that one necessarily has a broad equiv- 
alence relation and that it is therefore hard to construct homomorphisms out 
of differential K-theory. To do this, one has to use the full force of local in- 
dex theory. However, this is very well developed and one can make use of many 
properties as black box and then efficiently carry out the relevant constructions. 

4.4 Definition. Let X be a compact manifold, possibly with boundary. A cycle 
for a K{X) is a pair {£, p), where f is a geometric family, and p G V.{X) / im{d) 
is a class of differential forms. 

A geometric family over X (introduced in [T^) consists of the following data: 

(1) a proper submersion with closed fibers tt: E X, 

(2) a vertical Riemannian metric g"^"'^, i.e. a metric on the vertical bundle 
T^TT C TE, defined as T^tt := ker(d7r: TE tt*TX). 



16 



Ulrich Bunke and Thomas Schick 



(3) a horizontal distribution T'^tt, i.e. a bundle T'^tt C TE such that T'^tt 
r"7r = T£;. 

(4) a family of Dirac bundles V ^ E, 

(5) an orientation of T^tt. 

Here, a family of Dirac bundles consists of 

(1) a Hermitean vector bundle with connection {V, V^, h^) on 

(2) a Clifford muhiplication c: T^'tt 'g)V -^V, 

(3) on the components where dim(r"7r) has even dimension a Z/2Z-grading 
z. 

We require that the restrictions of the family Dirac bundles to the fibers E^ := 
Tr~^{b), b £ X, give Dirac bundles in the usual sense (see [111 Def. 3.1]): 

(1) The vertical metric induces the Riemannian structure on E^, 

(2) The Clifford multiplication turns V\Ei, into a Clifford module (see [iTJ 
Def.3.32]) which is graded if dim(i?b) is even. 

(3) The restriction of the connection to Ef, is a Clifford connection (see 
dH Def.3.39]). 

A geometric family is called even or odd, if dim(T'"7r) is even-dimensional or 
odd-dimensional, respectively, and the form p has the corresponding opposite 
parity. 

4.5 Example. The cycles for i^°(X) of Definition 14.11 are special cases of the 
cycles of Definition 14.41 p: E ~^ X is just id: X ^ X, i.e. the fibers consist of 
the 0-dimensional manifold {pt}. 

There are obvious notions of isomorphism (preserving all the structure) and 
of direct sum of cycles. We now introduce the structure maps / and R and the 
equivalence relation on the semigroup of isomorphism classes. 

4.6 Definition. The opposite £°p of a geometric family £ is obtained by revers- 
ing the signs of the Clifford multiplication and the grading (in the even case) of 
the underlying family of Clifford bundles, and of the orientation of the vertical 
bundle. 

4.7 Definition. The usual construction of Dirac type operators of a Clifford 
bundle (compare [S31III]), applied fiberwise, assigns to a geometric family £ 
over X a family of Dirac type operators parameterized by X, and this is indeed 
the main idea behind the geometric families. Then, the classical construction of 
Atiyah-Singer assigns to this family its (analytic) index ind(i?) € K*{B), where 
* is equal to the parity of the dimension of the fibers. In the special case of 
Example 14.51 — a vector bundle with connection over X — this is exactly the 
K-thcory class of the underlying Z/2-graded vector bundle. 

We define /(£,a;) ind(£:) G K*{X). 

4-8 Remark. We define £°p in such a way that ind(£°^) = — ind(£). Moreover, 
ind is additive under sums of geometric families. The equivalence relation we 
are going to define will be compatible with ind. 
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We now proceed toward the definition of R{£). It is based on the notion of 
local index form, an explicit de Rham representative of ch(ind(f )) £ H^j^{X). 
It is one of the important points of the data collected in a geometric family that 
such a representative can be constructed canonically. For a detailed definition 
we refer to [191 Def. 4.8], but we briefiy formulate its construction as follows. 
The vertical metric T^tt and the horizontal distribution T^tt together induce 
a connection V"^ ^ on T'"tt. Locally on E wc can assume that T^tt has a 
spin structure. Wc let S{T^tt) be the associated spinor bundle. Then we can 
write the family of Dirac bundles V as V = S W for a twisting bundle 
{W, , z^) with metric, metric connection, and Z/2Z-grading which is 

determined uniquely up to isomorphism. The form A{\/'^ ^) A ch(V^) G il{E) 
is globally defined, and we get the local index form by applying the integration 
over the fiber /^^^ : n{E) n{B): 

n{£) := f i(V^"") A ch(V'^) . (4.9) 
Je/b 

The characteristic class version of the index theorem for families is 

4.10 Theorem (g]). chdRimd{£)) = [n{£)] e H*j^{X). 

A proof using methods of local index theory has been given in [T2] , compare 

m- 

The equivalence relation we impose is based on the following idea: a geomet- 
ric family £ with index should potentially be equivalent to the cycle 0, but in 
general only up to some differential form (with degree of shifted parity) . More- 
over, in this case the local index form R{£) will be exact, but it is important to 
find an explicit primitive 77 with drj ~ R{£). Therefore, wc identify geometric 
reasons why the index is zero and which provide such a primitive. 

4.11 Definition. A prc-taming of f is a family {Qb)be b of self-adjoint operators 
Qb e B{Hb) given by a smooth fiberwise integral kernel Q G C°°{E Xb E,V M 
V*). In the even case we assume in addition that Qb is odd with respect to the 
grading. The pre-taming is called a taming if D{£b) + Qb is invertible for all 
b ^ B. In this case, by definition ind{D{£) + Q) is zero. However, as the index 
is unchanged by the smoothing perturbation Q, also ind(f ) = if f admits a 
taming. 

Let £t be the notation for geometric family £ with a chosen taming. In 
Def. 4.16], the r^-form ■q{£t) £ n{X) is defined. By [H Theorem 4.13]) it 
satisfies 

dri{£t) - n{£) . (4.12) 

We skip the considerable analytic difficulties in the construction of the eta-form 
and use it and its properties as a black box. 

4.13 Definition. We call two cycles {£,p) and {£',p') paired if there exists a 
taming {£ Lis £'°^)t such that 

p-p' ^vii£UB£'"nt) ■ 

We let ~ denote the equivalence relation generated by the relation " paired" . 

We define the differential if -theory K*{B) of B to be the group completion 
of the abelian semigroup of equivalence classes of cycles as in Dcfinition l4.4l with 
fiber dimension congruent * modulo 2. 
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4.14 Theorem. Definition \4.1S\ of K* indeed defines (with the obvious notion 
of pullback) a contravariant functor on the category of smooth manifolds which 
is a differential extension of K-theory. 

The necessary natural transformations are induced by 

(1) I: k* {X) K* {X)- {£, w) ^ md{£) of Definition\4^ 

(2) a: VL*-\X)/mi{d) k*{X); u ^ (0, -w) 

(3) R: k*{X) n^^oiX); {£,io) ^ n{£) + dtu of (Ol) . 

Proof. This is carried out in [26j Section 2.4]. □ 

4.15 Definition. Given two geometric families £, T over a base X, there is an 
obvious geometric way to define their fiber product f x ^ with underlying 
fiber bundle the fiber product of bundles of manifolds etc. Details are spelled 
out in Section 4.1]. We then define the product of two cycles and 
{T , 9) (homogeneous of degree e and /, respectively) as 

{£,p) U (J", 61) ;= [£ xs J-,(-l)'=0(f) Ae' + pAt7(J-) - {-ly'dpAO] . 

4.16 Theorem. The product of Definition ]^. 15\ turns K* into a multiplicative 
differential extension of K-theory. 

Proof. This is carried out in [26j Section 4] . □ 

4.17 Remark. Note that it is much more cumbersome to define a product struc- 
ture with the other models described: for the vector bundle model the inclusion 
of the odd part is problematic, for the homotopy theoretic model one would have 
to realize the product structure using maps between (products of) classifying 
spaces. This is certainly a worthwhile task, but does not seem to be carried out 
in detail so far. 

In the geometric families model, it is also rather easy to construct "integra- 
tion over the fiber" and in particular S'^-integration as defined in l2.12l This will 
be explained in Section [S] 

4.4 Differential characters 

One of the first models for a differential extension of integral cohomology are 
the differential characters of Cheeger-Simons [32]. A differential character is 
a pair {(f>,uj), consisting of a homomorphism </>: Z^,{X) — M/Z defined on 
the group of (smooth) singular cycles on X such that for a boundary b = rfc, 
c G C,+i(X) (j){b) = [J'^cj]k/z- The set of differential characters on C*(X) is a 
model for H*'^^{X). Along similar lines, in [TU] the cycle model for K-homology 
due to Baum and Douglas [7] — recently worked out in detail in [5] — is used to 
define k*{X) as the group of M/Z- valued homomorphism from the set of Baum- 
Douglas cycles for K-homology which, on boundaries, are given as pairing with 
a differential form. [10] also define this pairing of a cycle and a differential 
form. To do this, in contrast to [7] the cycles have to carry additional geometric 
structure. 
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4.5 Multiplicative K-theory 

The first work toward differential K-theory probably has been carried out by 
Karoubi. We already mentioned his approach to K/Z-K-theory as the flat part 
of differential K-theory of |3B] with a model based on vector bundles with con- 
nection. 

This research has been deepened by Karoubi in subsequent publications [471 
H5] . The "multiplicative" K-theory introduced and studied there (and related 
to work of Connes and Karoubi on the multiplicative character of a Fredholm 
module [33] , which explains the terminology) is associated to the usual K-theory 
and a filtration of the dc Rham complex. 

This theory looks very much like differential K-theory. With some normal- 
izations, it seems that one should be able to obtain differential K-thcory from 
the multiplicative one by considering the filtration of the dc Rham complex 
given by the subcomplex of closed differential forms which are Chern characters 
of vector bundles (with a connexion) on the given space. Karoubi uses multi- 
plicative K-theory to construct characteristic classes for holomorphic, foliated 
or flat bundles. 

We thank Max Karoubi for explanations of his work on multiplicative and 
differential K-theory. 

4.6 Currential K-theory 

Freed and Lott in [Ml 2.28] introduce a variant of differential K-theory where 
they replace the differential forms throughout by currents. This changes the 
theory in us much as the curvature homomorphism then also takes values in 
currents, i.e. forms are replaced by currents throughout. Because the multipli- 
cation of currents is not well defined, in this new theory one loses the ring struc- 
ture. The advantage of this variant, on the other hand, is that push-forward 
maps can be described very directly also for cmbcddings: for the differential 
form part, the image under push- forward will be a current supported on the 
submanifold. The currential theory has the advantage that push-forwards can 
be defined easily. Moreover, they can be defined for arbitrary maps. However, 
pullbacks are not always defined (and not discussed at all for this theory in 
[55]). Consequently, the theory should (up to a degree shift given by Poincare 
duality) better be considered as differential K-homology, twisted by some kind 
of spin'^-orientation twist. 

To describe differential extensions of bordism theories as in [551 HO]: cur- 
rents are also used — but there only as an intermediate tool. The axiomatic 
setup for those theories is the one described in 12. II In particular, the curvature 
homomorphism takes values in smooth differential forms. 

4.7 Differential K-theory via bordism 

In [551 Section 4], a geometric model of the differential extension MU of MU* is 
constructed, where MU* is cohomology theory dual to complex bordism. Cycles 
are given by pairs (c, a). Here c is a geometric cycle for MU"'{X), i.e. a proper 
smooth map W ^ X with n = dim(X) — dim(M^) and an explicit geometric 
model of the stable normal bundle with t/(iV)-structurc. Moreover, a is a 
differential {n — l)-form with distributional coefficients whose differential differs 
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from a certain characteristic current of c by a smooth differential form. We 
impose on these cycles the equivalence relation generated by an obvious notion 
of bordism together with stabilization of the normal bundle data. 

The functor MU* is a multiplicative extension of complex cobordism. In 

ev 

particular, it takes values in algebras over MU (*), as M[/™(*) is a subring 
of MU*{*). However, as MU°'^'^{*) = 0, the long exact sequence (|2.4p give the 
canonical isomorphism 

-=> MV-'^i*) = MU*{*). 

Assume now that E* is a generalized cohomology theory which is complex 
oriented, i.e. which comes with a natural transformation MU* — > E* . An 
example is complex K-thcory, with the usual orientation AIU — >■ MSpin'^ — K. 
If the complex oriented theory E* is Landweber exact (i.e. the condition of [SU 
Theorem 2.6mu] is satisfied), then Landweber [SU Corollary 2.7] proves that 
E*{X) ^ MU*{X)®MuE* is obtained from MU*{X) by just taking the tensor 
product with the coefficients E* (in the graded sense). Complex K-theory is 
Landweber exact [521 Example 3.3] so that this principle gives a simple bordism 
definition of K-theory. 

In [28l Theorem 2.5] it is shown that Landweber's results extends directly to 
differential extensions. If E* is a Landweber exact complex oriented generalized 
cohomology theory, then 

E*{X) -.^ MU*{X) ®MuE 

is a multiplicative differential extension of E*{X). Moreover, as explained 
above, we can apply this to complex K-theory and obtain a bordism description 
of differential K-theory: 

k*{X)=MU*{X)®MU K. 

By [2H1 Section 2.3], this is indeed a multiplicative differential extension of 
complex K-theory. Furthermore, it has a natural S'^-integration as in Definition 
12.121 and even general "integration over the fiber" as discussed in Section [51 

4.8 Geometric cycle models for M/Z-K-theory via the flat 
part of diff"erential K-theory 

As K-theory satisfies the conditions of Theorem 12.131 any multiplicative dif- 
ferential extension canonically comes with a transformation "integration over 
S'^". Therefore, by Theorem 12.141 its fiat sub functor is a generalized cohomol- 
ogy theory. Moreover, K-theory satisfies the conditions of Theorem 12 . 1 71 and we 
therefore get a natural isomorphism 

kflat A'M/Z. 

In other words, any of the models for differential K-theory described above 
provides a model for R/Z-K-theory. In particular, we recover the original result 
[151 Section 7.21] that the flat part of the vector bundle model of Section HTTI 
describes A'R/Z-i. 
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4.9 Real K-theory 

It seems to be not difficult to modify the above models to obtain differential 
extensions KO of real K-thcory. This is particularly clear with the vector bun- 
dle model of Section 14.11 Complex Hermitcan vector bundles with Hermitcan 
connection have to be replaced by real Euclidean vector bundles with metric 

connection. This describes KO . Of course, KO now is 8-periodic. The full 
model in terms of geometric families, following Section H31 replaces the families 
of Dirac bundles by their real analogs. For the analysis of 77-forms it seems 
to be most suitable to implement the real structures via additional conjugate 
linear operations on the complex Dirac bundle (as explained e.g. in |24l Sec. 
2.2]). Alternatively one could possibly work with dim(T''7r)-multigradings in 
the sense of e.g. [331 A. 3] (in other words, a compatible C/fc-modulc structure, 
compare also [S31 Section 16]). The details of a model for KO based on geomet- 
ric families have still to be worked out. It is actually worthwhile to work out 
a Real differential K-theory in the usual sense (i.e. for spaces with additional 
involution). However, we will not carry this out here. 

4.10 Differential K-homology and bivariant differential K- 
theory 

An important aspect of any cohomology theory is the dual homology theory and 
the pairing between the cohomology theory and the homology theory. This ap- 
plies in particular to K-thcory, where the dual homology theory can be described 
with three different flavors: 

• homotopy theoretically, using the K-theory spectrum 

• with a geometric cycle model introduced by Baum and Douglas [7] 

• an analytic model proposed by Atiyah [2] and made precise by Kasparov 
Uni, compare also 

4.18 Definition. The cycles for K^,{X) are triples {M,E,f) where M is a 
closed manifold with a given spin'^-structure with dimension congruent to * 
modulo 2, /: A/ — i- X is a continuous map and E X is a complex vector 
bundle. On the set of isomorphism classes of triples we put the equivalence 
relation generated by bordism, vector bundle modification and the relation that 
(Af, EiJ)U {M, E2,f)^ {M, Ei®E2j). 

Here, vector bundle modification means that, given a complex vector bundle 
V M, {M, E, f) - {S{V®R),T{E),fop) where ^(l/eR) is the sphere bundle 
of the real bundle 1/ © M, p: F © R A/ is the bundle projection and T{E) 
is a vector bundle which (up to addition of a bundle which extends over the 
disc bundle) represents the push-forward of E along the "north pole inclusion" 
i: A/ — > S{E ® M); X n> {x, 0, 1). There is an explicit clutching construction of 
this bundle. 

It took over 20 years before in [S] the equivalence of the geometric cycle 
model with the other models has been worked out in full detail. 

In the geometric model, the pairing between K-homology and K-theory has 
a very transparent description, related to index theory. Given a K-homology 
cycle {M, E, f) and a K-theory cycle represented by the vector bundle V ^ X, 



22 



Ulrich Bunke and Thomas Schick 



the pairing is the index of the spin'^ Dirac operator DE®f *v on M, twisted with 
E®f*V. In the analytic model, this Dirac operator by itself essentially already 
is a K-homology cycle. 

The analytic theory has two very important extensions: first of all, it ex- 
tends from a (co)homology theory for spaces to one for arbitrary C*-algebras. 
"Extension" here in the sense that the category of compact HausdorfF spaces 
is equivalent to the opposite category of commutative unital C* -algebras via 
the functor X i— > C{X). Secondly, Kasparov's theory really is bivariant, with 
KK{X,*) = being K-homology, and KK{*,X) = K*{X) K-theory. 

Most important is that KK-theory comes with an associative composition prod- 
uct KK{X, Y) ® KK{Y, Z) KK{X, Z). This is an extremely powerful tool 
with many applications in index theory and beyond. 

In this context, it is very desirable to have differentiable extensions also of 
K-homology and ideally of bivariant KK-theory (of course only restricted to 
manifolds). This should e.g. provide a powerful home for refined index theory. 

4.19 Definition. Indeed, guided by the model of differential K-theory, we see 
that differential K-homology or more general KK, differential bivariant KK- 
theory, should be a functor from smooth manifolds to graded abelian groups 
with the following additional structure: 

(1) A transformation /: KK{X, Y) KK{X, Y) 

(2) a transformation R to the appropriate version of differential forms. For 
K-homology, the best bet for this arc differential currents (essentially the 
dual space of differential forms) and for the bivariant theory the closed 
(i.e. commuting with the differentials) continuous homomorphisms from 
differential forms of the first space to differential forms of the second: 
R: KK{X,Y) ^ Hom(rj(X), 17(y)). 

(3) action of "forms": a dcgrcc-1 transformation a: Hom(ri(X), f2(F)) 
KK{X,Y). 

These have to satisfy relations and exact sequences which are direct generaliza- 
tions of those of Definition 12.11 

KK{X,Y) [-1] }iom{fl*{X),n*{Y))[-l]/ im{d) A KK{X,Y) 4 KK{X,Y) 

a o R = d. 

Here, we adopt the tradition that KK-theory is Z/2Z-graded and use the 
even/odd grading of forms throughout. 

Additionally, there should be a natural associative "composition product" 
KK{X, Y) (g) KK{Y, Z) KK{X, Z) such that / maps this product to the 
Kasparov product and R to the composition. 

Note that (up to Poincare duality degree shifts), the currential K-theory 
of Section 14.61 actually is a model for differential K-homology, which is the 
specialization of the bivariant theory to KK{X, *). 

An early preprint version of [26| contains a section which develops a bivariant 
theory as in Definition 14.191 and its applications. The groups are defined in a 
cycle model where a cycle for KK(X, Y) consists of 

(1) a X-oricnted bundle p: W X, using A'-oricntations as in Section [5TT1 
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(2) a class x € K{W), 

(3) a smooth map f : W Y 

(4) a contimious homomorphism $ e Hom(ri*(X), 1]. 

On the set of isomorphism classes of cycles one puts the equivalence relation 
generated by 

(1) compatibility of the sum operations (one given by disjoint union, the other 
by addition in K(W) and Rom{n* {X),n* {¥))). 

(2) bordism 

(3) a suitable definition of vector bundle modification, 

(4) change of $ by the image of d. 

Details of such a bivariant construction, or a construction of differential K- 
homology seem not to exist in the published literature. Note that this approach 
is not tied to X-theory. It provides a construction of a bivariant differential the- 
ory from a differential extension of a cohomology theory together with a theory 
of differential orientation and integration satisfying a natural set of axioms. 

5 Orientation and integration 
5.1 Differential K-orientations 

Let p: W ^ B a proper submersion with fiber-dimension n. An important 
aspect of cohomology is a map "integration along the fiber" or "push-forward" 
p] : E*{W) — !• E*~"-{B). There is a general theory for this, and it requires the 
extra structure of an E -orientation ofp (one could also say an iiJ-orientation of 
the fibers of p). If i? is ordinary cohomology, this comes down to an ordinary 
orientation and in de Rham cohomology pi literally is "integration along the 
fiber" . 

For K-theory, it is a spin'^-structure of tt which gives rise to a K-theory 
orientation, which in turn defines a topological push-forward map pi : K*(W) 
K*-'^{B). 

To extend this to differential K-thcory, one has to add additional geometric 
data to the spin'^-structurc. 

This is a pattern which applies to a general differential cohomology theory 
E: a differential orientation will consist of an i?-orientation in the usual sense 
together with extra differential and geometric data. There is one notable ex- 
ception, though. In ordinary integral differential cohomology (Cheeger-Simons 
differential characters), a topological orientation (which is an ordinary orien- 
tation) lifts uniquely to a differential orientation. Therefore, in the literature 
treating ordinary differential cohomology and push- forward in that context, dif- 
ferential orientations are not discussed [351 142| . 

We now describe a model for differential K-orientations for a proper submer- 
sion p: W ^ B which particularly suits the analytic model for K of Section l473l 
We will describe the Z-gradcd version of orientations in order to make clear in 
which precise degrees the form constituents live. This is important if one wants 
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to set up a similar theory in the case of other, non-two-periodic theories like 
complex bordism. 

Fix an underlying topological K-orientation of p by choosing a spin'^-reduction 
of the structure group of the vertical tangent bundle T^p of p. In order to make 
this precise we choose along the way an orientation and a metric on T^p. 

We now consider the set O of tuples {g^ p, T'^p, V, a) where 

(1) P is the Riemannian metric on the vertical bundle kerTp (and the K- 
orientation is given by a spin'^-reduction of the resulting 0(n)-principal 
bundle P, i.e. a spin'^-principal bundle Q lifting P). 

(2) T''p is a horizontal distribution. 

(3) From the horizontal distribution, wc get a connection V''" ^ which re- 
stricts to the Levi-Civita connection along the fibers as follows. First 
one chooses a metric g'^^ on B. It induces a horizontal metric g^ ^ via 
the isomorphism dp^x'^p- T^P ^ p*TB. Wc get a metric g^ p (B g^ on 
TW = T'"p®T'^p which gives rise to a Levi-Civita connection. Its projec- 
tion to T^p is P. V is a spin'^-reduction of V"^ p, i.e. a connection on 
the spin'^-principal bundle Q which reduces to ^ . If we think of the con- 
nections P and V in terms of horizontal distributions T^SO{T'"p) and 
T''g, then we say that V reduces to if dn{T^Q) = tt* {T^SOiT^p)). 

(4) (T e l]-i(I^;R[M,u-i])/im(d). 

We introduce the globally defined complex line bundle 

■.= Qy.xC^W (5.1) 

associated to the spin'^-bundle Q via the representation A: Spirf{n) ^ U{1). 
The connection V thus induces a connection on V . 
We introduce the form 



ci(V) -{2muY^R^ e f7"(PF; u"!]). (5.2) 



Let R'^'^'" e fl'^{W,End{T''p)) denote the curvature of V^"*'. The closed form 



A(V^>) := deti/2 I , \en°iW;R[u,u-']) 
sinh 



4ir 

represents the A-class of T^p. 

5.3 Definition. The relevant differential form for local index theory in the 
spin'^-case is 

A=(V) A(V^>) A e^i(^) . (5.4) 

If we consider p: W ^ B with the geometry {g'^ ^,r'*p, V) and the Dirac 
bundle S'^{T'"p) as a geometric family W over B, then 

A'=(V) = n{W) e 17-"(B;R[ii,w'i]) , 

W/B 
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is the local index form of W. 

We introduce a relation ~ on O: Two tuples [gj ^ , T^p, Vi, di), z = 0, 1 are 

related if and only if ai — — AS'{Vi, Vq), the transgression form of A'^(V). 
In Section 3.1], it is shown that ~ is an equivalence relation. 

5.5 Definition. The set of differential A'-oricntations which refine a fixed un- 
derlying topological A'-orientation of p : W B \s the set of equivalence classes 
O/ ~. The vector space f2~^(VF; M[w, im((i) acts on the set of differential 
iC-orientations by translation of the differential form entry. 

In [26l Corollary 3.6] we show: 

5.6 Proposition. The set of differential K -orientations refining a fixed under- 
lying topological K-orientation is a torsor over Q,~^{W\M\u,u~^])/ im((i). 

5. 7 Remark. Proposition 15.61 should generalize to differential extensions of a 
general cohomology theory E: the differential orientations refining a fixed E- 
orientation should form a torsor over ri~^(M^; i?R). If we apply this to the 
special case of ordinary cohomology, this group is trivial as the coefficients are 
concentrated in degree 0. This explains why there is a unique lift of an ordinary 
orientation to a differential orientation in case of ordinary cohomology. 

5.2 Integration 

We have set up our model for differential K-orientations in such a way that 
we have a natural description of the integration homomorphism in differential 
K-theory using the analytic model of Section 14.31 From now on we reduce to 
the two-periodic case (by setting u = 1). 

Given p: W ^ B with a differential K-oricntation as in Section 15.11 and a 
class X = [£tP\ € K{W), the basic idea for the construction of p\{x) S K{B) 
is to form the representative for p\{x) as the geometric family p\£ obtained by 
simply composing the family over W with p to obtain a family over B. The 
geometry on p given by the differential orientation allows to put the required 
geometry on the composition in a canonical way. For example, the fiberwise 
metric is obtained as direct sum of the fiberwise metric on £ and on the fibers 
of p. We omit the details which are given in Section 3.2]. 

The main remaining question is to define the correct differential form; this 
requires the study of adiabatic limits. Indeed, in the construction of the geom- 
etry on p\£ we can introduce an additional parameter A S (0, oo) by scaling the 
metric on the fibers of £ by (and adjusting the remaining geometry) to ob- 
tain pf£. In total, this gives an adiabatic deformation family F over (0, oo) x B 
which restricts to p^£ on {A} x B. 

Although the vertical metrics of J- and pl£ collapse as A ^ the induced 
connections and the curvature tensors on the vertical bundle T'"q converge and 
simplify in this limit. This fact is heavily used in local index theory, and we 
refer to [Tl] Sec 10.2] for details. In particular, the integral 

h[X,£) := [ J7(J-) (5.8) 

J{0,X)xB/B 



converges. 
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We now define 

p,X£,p) [p^£, I k-{V)^p + n{l,£)+ f aARi[£,p])] G k{B) . (5.9) 

Jw/B Jw/B 

This pusli-forward has all the expected properties, listed below. The proofs 
use the explicit model and a heavy dose of local index theory in order to verify 
that this cycle-level construction is compatible with the equivalence relation 
involving tamings and Ty-forms. They can be found in [261 Sections 3.2, 3.3, 
4.2]. 

5.10 Theorem. The push- forward/integration for differential K-theory defined 
in (|5.9p has the following properties. 

(1) Given a proper submersion p: W ^ B with differential K-orientation 
and with fiber dimension n, the differential push-forward is p\ : K*(W) 
K*^"'{B) a well defined homomorphism which only depends on the differ- 
ential orientation, not its particular representative. 

(2) If q: Z ^ W is another proper submersion with differential K-orientation, 
there is a canonical way to put a composed differential K-orientation on 
the composition p o q, and push-forward is functorial: {p° q)\ — p\o q\ . 

(3) Fix a Cartesian diagram 

W W 

B' — ^ B 

where as before p: W ^ B is a proper submersion with differential K- 
orientation. There is a canonical way to pull back the differential K- 
orientation of p to p' :~ f*p. One then has compatibility of pull-back and 
push-forward 

f*p^^p\F*. 

(J;.) The projection formula relating push-forward and product holds in differ- 
ential K-theory 

p\{p*y Ux) = yUp\{x); x e K{W), y e K{B). 

(5) The differential push- forward is via the structure maps compatible with the 
push-forward in ordinary K-theory and on differential forms. However, for 
the differential forms we have to define the modified integration, depending 
on the differential K- orientation o, as 

p? : n{W) ^ n{B); oj ^ I (A'=(V) - da) A w. 

Jw/B 

Indeed, this does not depend on the representative of the differential K- 
orientation. Moreover, it induces p°: n{W)/im{d) n{B) / im{d) . With 
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this map, we get commutative diagrams 

K{W) n{W)/mi{d) — ^ K{W) — ^ K{W) 



P'. 



(5.11) 



K{B) n{B)/im{d) k{B) K{B) 

k{w) — ^ nd=o{w) 



[p? (5.12) 



5.3 ^^-integration 

Wc consider the projection pr^^ : B x ^ B. 

The projection prj^ fits into the Cartesian diagram 



B — ^ {*} . 

We choose the metric g^"^ of imit volume and the bounding spin structure 
on TS^. This spin structure induces a spin'^ structure on TS^ together with 
the connection V. In this way we get a representative o of a differential K- 
orientation of p. By pull-back we get the representative r*o of a differential 
iC-orientation of prj^ which is used to define (prj^);. 

5.13 Definition. We define S'^-integration for differential K-theory as in Defi- 
nition 12.121 simply by setting 

/ ■.^{pi)r.k*{BxS^)^k*-\B) 

where we use the differential K-orientation oi pi : B x B just described. 

Note that by Theorem 15. 101 it has the properties required of 5^-integration. 

By [21 Corollary 4.6] we get 

(pri)! opi'i = 0. 



6 Index theory and natural transformations 

It is well established that index theory of elliptic operators is closely related to 
K-theory and K-homology. Indeed, this is the reason why the analytic model of 
Section H75] can work at all. For a fiber bundle p: W ^ B with K-orientation, the 
push-forward in K-theory can be interpreted as the family index of the fiberwise 
spin'^ Dirac operator, twisted with the bundle representing the K-theory class. 
Of course, one might define the push-forward in a different way — then this is a 
somewhat abstract statement. 
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Continuing on this formal level, the Chern character provides a way to com- 
pute K-theory in terms of cohomology. Now there is also the push-forward in 
cohomology. It is well known that Chern character and push-forward are not 
compatible. The Riemann-Roch formula provides the appropriate correction. 
In some sense, a Riemann-Roch theorem therefore is a cohomological index 
theorem. 

On this level, we will now find a lift of index theory to differential K-thcory. 
In Section [S] we have discussed the push-forward in differential K-theory. We 
will now describe how to lift the Chern character to a natural transformation 
from differential K-theory to differential cohomology and will then discuss a dif- 
ferential Riemann-Roch theorem correcting the defect that this Chern character 
is not compatible with integration. 

A further refinement of this theorem is obtained by a direct analytic defini- 
tion of a (family) index with values in differential K-theory, given in a natural 
way for geometric families of elliptic index problems. The goal of an index the- 
orem is then to find a topological formula for this index, i.e. a formula which 
does not involve the explicit solution of differential equations. This has indeed 
been achieved by Lott and Freed in [32] and we discuss the details in Section 

6.1 Differential Chern character 

The classical Chern character has two fundamental properties. First, it is a 
certain characteristic class of vector bundles. As such, it is a certain explicit 
(rational) polynomial Pch(ci, C2, . . . ) in the Chern classes of the vector bundle. 
Secondly, it tuns out that this characteristic class is compatible with direct sum 
and stabilization and with Bott periodicity in the appropriate way to define a 
natural transformation of cohomology theories 

ch: K*{-) H*{-;Q[u,u^^]); {u of degree 2). 

Finally, after tensor product with Q, ch® idQ becomes an isomorphism for finite 
CW^-complexes. 

We demand that the Chern character for differential K-theory should display 
the same properties: be implemented as characteristic class of vector bundles 
with connection, and then pass to a natural transformation between differential 
cohomology theories. 

Characteristic classes in differential cohomology 

Early on, differential cohomology is closely related to characteristic classes of 
vector bundles with connection. Indeed, H'^{X;Z) even is isomorphic to the 
set of isomorphism classes of complex line bundles with Hermitean connection. 
This isomorphism is implemented by the differential version of the first Chern 
class. 

Elaborating on this, Cheeger and Simons [311 Section 4] construct differen- 
tial Chern classes of vector bundles with Hermitean connection with values in 
integral differential cohomology 

with the following properties: 
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(1) naturality under puUback with smooth maps; 

(2) compatibihty with the classical Chern classes: 

I{ck{E,V)) = Ck{E) e H^^iXiZ); 

(3) compatibility with Chern- Weil theory 

R{ck{E,v)) = Ck{v^) e n^'ix) 

where Cfe(V) is the Chern- Weil form of the connection V associated to 
the invariant polynomial Ck which is (up to a scalar) the elementary sym- 
metric polynomial in the eigenvalues. 

Moreover, Cheeger and Simons show that the differential Chern classes are 
uniquely determined by these requirements. The proof is reminiscent of (and 
indeed inspired) the proof of uniqueness in Section [3] They use the universal 
example of C"-vector bundles with connection — known to exist by [55]. Once 
the differential Chern classes are chosen for the universal example, they are 
determined by naturality for every (£', V). The integral cohomology of the base 
space BU (n) of the universal example is concentrated in even degrees. The long 
exact sequence ((^ then implies that I®R: H'^''{BU{n);Z) ®n'j'^Q{BU{n)) is 
injective, so that |(2)| and |(3)| determine the universal Ck, and they exist by the 
defining properties of Cfe(V^). One only has to check that the construction is 
independent of the choice of the universal model, which essentially follows from 
uniqueness. Note that BU{n) is not itself a finite dimensional manifold so that 
one has (as usual) to work with finite dimensional approximations. 

Differential ordinary cohomology is defined with coefficients in any subring 
of M, and the inclusion of coefficient rings induces natural maps with all the 
expected compatibility relations. In particular, we have differential cohomology 
with coefficients in Q, H*{-; Q), taking values in the category of Q- vector spaces, 
and commutative diagrams 

H{-,Z) > H{-;Q) H{-,Z) > H{-,Q) 

n{-) H*{-;Z) > H*{-;Q). 

Expressing the classical Chern character (uniquely) as a rational polynomial in 
the Chern classes 

ch{E)^P,i,{ci{E),C2{E),...); with Feh e Q[[a;i, xa, . . . ]], 

we now define the differential Chern character 

ch{E,y) ■.^Pch{ci{E,y),...)eH^*{X;Q). (6.1) 

By construction, this is a natural characteristic class satisfying 

/(ch(£;, V)) = ch{E) e H^*{X;Q) 

R{ch{E, V)) = Pch(Ci(V2), . . . ) = tr(- exp(VV2^^)) G n^* (X). 
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Differential Chern character transformation 

The second point of view of the differential Chern character is as a natural trans- 
formation between differential K-theory and differential cohoniology. Indeed, we 
prove in [^Hl Section 6] the following theorem. 

6.2 Theorem. There is a unique natural transformation of differential coho- 
mology theories 

ch: K*{-)^H*i-,Q[u,u~^]) 
with the following properties: 

(1) Compatibility with the Chern character in ordinary cohomology and with 
the action of forms, i.e. the following diagram commutes: 

n{X)/hji{d) — °— ^ K{X) — ^ K{X) 

n{X)/im{d) — ^ H{X;Q[u,u-^]) — ^ H{X : Q[u,u-^) . 

(2) Compatibility with the curvature homomorphism, i.e. the following dia- 
gram commutes 

ch = 

H{X;Q[u,u-']) — ^ nd^o{X;R[u,u-']) . 

(3) Compatibility with suspension, i.e. the following diagram commutes 

K{S^ X X) ''^ ) H{S^ X X;q[u,u-^]) 

|pi'2! P^2l 

K{X) H{XMn.u'^])- 

Here, we use the differential K-orientation o/ prj as in Section \5. S\ 

Moreover, if x & K^{X) is represented (as in \41\ or \4-3^ by the zero- 
dimensional family {{E,\7), p) (with p the additional form of odd degree), then 

ch(x) = ch(£;, V) + a(p) G H"^* {X;<Q[u,u-^]). 

In addition, ch is a multiplicative natural transformation and becomes an iso- 
morphism after tensor product with Q. 

6.2 Differential Riemann-Roch theorem 

We are now in the situation to formulate the Riemann-Roch theorem, which de- 
scribes the relations between push-forward in differential K-theory and differen- 
tial cohomology and the differential Chern character. Let p: — > _B be a proper 
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submersion with a differential K-orientation o represented by {g^ P,T'^p,'^,a) 
as in Section [STTI 

The Riemann Roch theorem asserts the commutativity of a diagram 
K{W) ) H{W,Q) 



K{B) H{BM . 

Here pf^ is the composition of the cup product with a differential rational co- 

homology class A'^(o) and the push- forward in differential rational cohomology 
(uniquely determined by an ordinary orientation of p, in particular by the K- 
orientation which is already fixed). 

We have to define the refinement A(o) e 7?™(W^,(Q)) of the form A'=(V) £ 
Vt'^'"{W\ R[u, u~^]). The geometric data of o determines a connection V"^ ^ and 
hence a geometric bundle T'^p := (T^p, 5^"^, V-^^^). According to [32] we can 
define Pontryagin classes 

The spin'^-structure gives rise to a Hermitcan line bundle W with connec- 

tion V^' (see dlT])). We set {L^,h^\v^^). Again using we get a 

class 

ci(L2) g if2(vi/,z). 

Inserting the classes u~^^pi{T^p) into that A-series A{pi,p2, . . . ) G Q[[pi,P2 • 
we define 

i(T-p):=A(pi(T-p),P2(T-p),...)e^"(W-,QK^-^]) • (6.3) 

6.4 Definition. Wc define 

A%o) := A(T^p) A e Js^'^^^^') - a(cr) G if°(M^, u-^]) . 
Note that i?(A'=(o)) = A'=(V), with A'=(V) of (EH). 

By Lemma 6.17], A'^(o) indeed does not depend on the particular rep- 
resentative of o. This follows from the homotopy formula. 
We now define 

pf: H*{W;Q[u,u-^]) ^ H*~'^{B;Q[u,u-^]): x ^ p^iA^io) U x) 
The differential Riemann-Roch now reads 

6.5 Theorem. The following square commutes 

k{W) > HiW,Q[u,u~'^]) 

K{B) H{BMu.u-^]). 

This diagram is compatible via the transformations / with the maps of the 
classical Ricmann-Roch theorem. 
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6.3 Differential Atiyah-Singer index theorem 

Wc want to understand the Atiyah-Singer index theorem as the equahty of the 
analytic and the topological (family) index. To formulate a differential version 
of this, the first step is to define the differential analytic and topological (family) 
index. 

We start with the proper submersion p: W ^ B with n-dimensional fibers, 
and we think oi W ^ B as the underlying family of manifolds on which the 
family of elliptic operators shall be given. To be able to define a differential 
index, we have to choose geometry for p: W B, which amounts exactly 
to the choice of data representing a differential orientation of p as in Section 
15.11 namely a tuple {g^ ,T^p,V ,a) consisting of vertical metric, horizontal 
distribution, fiberwise spin'^-structure and compatible spin'^-conncction. The 
form a could of course be chosen equal to 0. 

We follow the definition of the analytic index as given by Freed and Lott in 
[39] . We start with a vector bundle [E^S/e) with connection over W (repre- 
senting a class in K^{W) using either the model of Section WA\ or . We then 
want to define the analytic index of the family of spin'^-Dirac operators twisted 
by (i?, V_e)- This is based on Bismut-Quillen superconnections. Indeed, it uses 
the Bismut-Cheeger eta-form which mediates between the Chern character of 
the finite dimensional index bundle (giving the naive analytic index) and the 
Chern character of the Bismut superconnection. For details see below. 

The topological index of [32] is modelled closely after the classical definition 
of the topological index by Atiyah and Singer. One factors p:W^Ba.sa. 
fiberwise embedding W x B and pr2 : x B ^ B. One then uses very 

explicit formulas for the differential K-theory push-forward of the embedding 
W S^xB, based on a model of differential K-theory using currents. Finally, 
a Kiinneth decomposition of K{S^ x B) gives an explicit push-forward for 
pr2 : X B ~> B. The topological index is defined as a modification of the 
composition of these two push- forwards. It does not involve spectral analysis 
nor does it require the solution of differential equations. It does use differential 
forms, so the term "differential topological index" is indeed quite appropriate. 
For details again see below. 

The main result of [35] is then 

6.6 Theorem. Differential analytic index and differential topological index both 
define homomorphism 



ind"", ind*''^': K' 



(W) K-"{B). 



Moreover, analytic and topological index coincide: 



md = md 



Finally, ind' 



an 



ind*°'' fits into a commutative diagram 







{W) 



> k°(w) 



R. 










> /vK/Z-i-"(S) 



> K-'^iB) 



> nZo{B-m.[u,u 



1 



In the following, we explain the ingredients of this formula. 
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(1) On the differential form level, A'^(V) of (|5.4p coincides with the form 
Todd{V^) of [Ml (2.14)]. 

(2) For K-theory with coefficients in R/Z,ind°": KR/Z-\W) KR/Z-^-'^iB) 
has been constructed in and is the main theme of |54| . In particular, the 
equality of analytic and topological index in this context is proved there. 

6.7 Proposition. In the end, of course, ind""" = ind*°^' : K°{W) k~'\B) 
coincide with p\ : k^{W) k~'\B) of Section\5M 

The main point is that ind°" is defined as an honest analytic index, whereas 
p\ only formally does so. 

In the following, we will assume that the fiber dimension n is even. The case 
of odd n is easily reduced to this via suspension-desuspcnsion constructions 
using products with . 

Analytic index in differential K-theory 

We now define the analytic index of a cycle {£, (f>) = {E,hE,'^ 4>) for K^iW) 
given in terms of a vector bundle with connection and an auxiliary form ^ 
as in Section l4.ll To get a cleaner picture, we assume that the family De 
of twisted spin'^-Dirac operators over B, constructed as the geometric Dirac 
operators provided by the differential K-orientation data twisted with {E,V e) 
has a kernel bundle 'k.cv{DE) which comes with an induced Hermitcan metric 
and compressed connection V]^ct:(De)- The Bismut-Cheeger eta-form in this 
situation is defined as 

Ru is introduced to simplify notation, it is induced from the ring homomorphism 
R[ii,u^-'^] — !> M[w, 7i~-'^];u n> (27ri)w. Ag is the Bismut superconnection on the 
(typically infinite dimensional) bundle H over B whose fiber over b £ B is the 
space of sections of the twisted spinor bundle over Wb = p~^{B), the bundle on 
which De acts. More precisely, for s > 

A, = su^'^De + - s-^u-^/^c{R)/A. 

Here, is a canonical connection on % constructed out of the given connec- 
tions, and c{R) is Clifford multiplication by the curvature 2-form of 71. For 
details about this construction, see [11] Section 10]. Note that, following Freed- 
Lott, powers of s instead of powers of s^/'^ are used in the definition of the 
superconnection. 

The eta-form provides an interpolation between the Chern character form 
of the kernel bundle and of E as follows (compare [321 (3.11)] and [IHl (0.6)]): 

df,= [ i=(V) Ach(V£;) -ch(V'=°'^(^^)). (6.8) 

Jw/B 

Following [Sni Definition 3.12], one now defines for {£, (f)) — {E, hE,'^E, 4>) 
ind""(^,0) ( (ker(Z?£),/.ker(D.),V'=^'-(^-)), / i^(V) A0 + ry ) , (6.9) 

y Jw/B J 
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given by the zero dimensional family hev{DE) with its Hermitean metric and 
connection, and the differential form part which uses the eta form. 

In [321 Theorem 6.2] it is shown that this formula indeed factors through 
a map ind*^" on differential K-theory as stated in Theorem 16.61 Alternatively 
one could use [26l Corollary 5.5] which immediately implies that ind°"(5,(/)) is 
equal to the push-forward p°{£, </>) as defined in (|5.9p . 

The construction of the analytic differential index in the general case, i.e. if 
the kernels do not form a bundle, is carried out by a perturbation to reduce to 
the special case treated so far. 

Topological index in differential K-theory 

The topological index is defined in two steps. One chooses a fiberwise isometric 
fibcrwisc embedding i: W ^ x B oi even codimension, where the target 
is equipped with the product structure. We assume that we have a differential 
spin'^-structure on the normal bundle v of the embedding which is compatible 
with structures on W and on 5*^ x B (in the sense of 021 Section 5]). 

Given a Hermitean bundle with connection (i?, Vb) and a differential form 
(j) on B, one now has to construct the differential push-forward of {£, (j)) = 
(E, hE,y E, (k)- This is based on the Thom homomorphism in differential K- 
thcory. More precisely, one has to choose a (Z/2Z-gradcd) Hermitean bundle 
F on S'^ X B with connection together with an cndomorphism V such that 
V is invertible outside i{W) but the kernel of V is isomorphic (as geometric 
bundle) to the tensor product of E with the spinor bundle, and a suitably defined 
compression of the covariant derivative of V under this isomorphism becomes 
Clifford multiplication. In |131 Definition 1.3] in this situation a transgression 
form 7 is defined which interpolated between the Chern form of F and the image 
image of ch(V£;) under the differential form spin'^-Thom homomorphism. 

We then define 



C is a further correction term which vanishes if the horizontal distribution of 
W B is the restriction of the product horizontal distribution of S*" x B under 
the embedding i. 
We now define 



where p: S x B ^ B is the projection and we use the product structure to 
define the spin'^-orientation. 

Finally, we observe that for the product x B we can use the Kiinneth 
type formula to obtain an explicit formula for pi{x). More precisely, use the 
Kiinneth formula in ordinary K-theory to write the underlying K-theory class 
I{X) = p*a + pr^(t) • p*b where i is a second additive generator (besides 1) of 
K*{S'^). We lift all the classes a, b, t to classes A, B, T in differential K-theory 
and then write X = p*A +prl{T) ■ p*B + a{a) with a suitable differential form 
a. One then obtains by [39l (5.31)] 




ind*°f(f,^) :=p,(i,(£,0)) eX-"(i3), 



(6.11) 




(6.12) 
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where A°G i}°{S^ x B;'R[u,u~^]) is given by the product structure onp: x 
B ^ B. By [Ml Corollary 7.36] this construction indeed factors through a 
homomorphism ind*°^ on differential K-theory. 

Proof of the differential index theorem 

It remains to prove that for any , ^) = {E,hE,^E,<f) as above, ind*°^(f) — 
ind°"(f ) = 0. The constructions are carried out in such a way that the desired 
identity holds for the images under R. Therefore ind*°P(f ) - ind''"(f ) =: T e 
i(r-"-i(B;M/Z) is a fiat differential K-theory class. Now Freed and Lott in [39] 
follow the method of proof of the M/Z-index theorem of [Mj. One has to show 
that the pairing of T with A'_„_i(_B) (the ordinary K-homology of B) vanishes. 
These pairings are given by reduced ?7-invariants (provided we have a kernel 
bundle). In the end, one has to establish certain identities for r;- invariants on 
W, on B and on x B. These follow from adiabatic limit considerations 
and — to deal with the embedding i : W B also the main result [T51 

Theorem 2.2]. 

For the general case, one has to follow the effect of the perturbations which 
reduce to the case of a kernel bundle. 

Related work 

The thesis [5T] discusses a model of even differential K-theory using vector 
bundles with connection and push-forward maps in this model. The work cul- 
minates in the special case of the index theorem for differential K-theory if B is 
the point. 

7 Twisted differential K-theory 

Usual cohomology theories often have severe limitations when dealing with sit- 
uations in which orientations are required, but not present. This happens in 
particular when one wants to describe the cohomological properties of a fiber 
bundle which is not oriented for the cohomology theory one wants to study. 
Closely related is the non-existence of integration maps for non-orientable bun- 
dles or more generally non-orientable maps. 

This problem is solved by using cohomology with twisted coefficients. For 
ordinary cohomology, this is just described by a local coeflticient system, which 
one can easily implement e.g. in a Cech description of cohomology, compare 
e.g. [m Chapter 10]. Twists have been introduced for generalized cohomology 
theories and successfully used. We refer to [55] for the approach to twisted 
cohomology via parameterized spectra and to [1] for a construction using infinity 
categories. 

In particular, twisted K-theory has been studied extensively, motivated by 
by the classification of D-brane charges in the presence of a background B-ficld 
as discussed in Section [Ol 

7.1 Twists for ordinary K-theory 

The most general twists for a multiplicative generalized cohomology theory rep- 
resented by an i?oo-ring spectrum E arc (up to equivalence) described by degree 
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cohomology classes with coefRcients in bgli{E), where gli{E) is the spectrum 
of units of E and bgli{E) := gli{E)[l] is its one-fold deloop. In the case of 
K-theory, the spectrum bgli{K) contains the summand i/Z[3]. In other words, 
there is a subgroup of the isomorphism classes of twists for K-theory on a space 
B given by H^{B; Z). Most authors concentrate on these twists. 

However, it is inappropriate to think only in terms of isomorphism classes 
of twists. The twists always form a pointed groupoid (with a trivial object). 
Technically, one can take the path groupoid of the mapping space 

me.pspectrai^'^X+,bgk{E)) . (7.1) 

The twisted cohomology theory is more appropriately understood as a functor 
from this groupoid to graded abelian groups. This path groupoid is the trunca- 
tion of the oo-groupoid given by the mapping space itself which should really be 
considered as right object. In the present paper we prefer the truncation since 
it is used in most applications and the generalization to the differential case. 

In particular, a given twist usually will have non-trivial automorphisms, and 
these automorphisms act non-trivially on the twisted cohomology. In our case, 
the automorphisms of the trivial K-theory twist on B are given by i?^(i?;Z). 
Because of the non-trivial automorphisms, for an isomorphism class of twists, 
e.g. c S H^{B; Z) it does in general not make sense to talk about " 'the" ' twisted 
K-theory group K'^{B). Only the isomorphism class of this group is well defined, 
but this is not sufficient e.g. if one wants to discuss functorial properties. 

As indicated above one usually does not work with the most general kind 
of twists determined homotopy theoretically by gli(E) but with a more explicit 
class closely tied to the relevant geometric situation. We therefore collect, fol- 
lowing [351 Section 2, Section 3.1], the standard properties of a twisted extension 
of the cohomology theory E in an axiomatic manner. 

7.2 Definition. Let E he a, generalized cohomology theory. An extension of E 
to cohomology with twists consists of the following data: 

• For every space AT of a (pointed) groupoid Ttristjf . 

• For every continuous map f : Y ^ X a. functor /* : Twisix — > Ttristy 
which is (weakly) functorial in /. Even more: the association X Iwistx 
should become a weak presheaf of groupoids. In most examples this 
presheaf of groupoids satisfies descend for open coverings and therefore 
forms a stack in topological spaces. 

• Define then Ttrist as the Grothendieck construction of the presheaf above, 
i.e. the category with objects (A, r) where A is a space and r e Tttiisix 
and morphisms from (A, tx) to (K, ry) consisting of a map f: X Y 
together with an isomorphism tx — > f*TY- Define the category Troisi^ of 
pairs in twists with objects (A, A, t) as before, but where A <Z X and t 
is a twist on A. 

• The twisted version of E is then a contravariant functor from Troist^ to 
graded abelian groups, 



(A,yl,r) ^ £;^+"(A,^) 
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together with natural transformation 

6: E^+''+\X,A) £;^+"(A,0). 
These have to satisfy the following properties: 

• homotopy invariance: here, a homotopy between f,g: {X,tx) — > {Y,ty) 
is a morphism h: {X x [0, l],pr* tx) — > {Y,ty) such that io o h ^ f and 
ii o h = g. The morphism of pairs ik '■ {X, tx) — {X x [0, 1], pr* tx) uses 
the identity morphism o twists zj^ pr* tx tx- 

• long exact sequence of the pair: 

^ E^+''\X,A) E^+'^iX) E^+"{A) A E^+"-'^{X,A) -> 

• excision isomorphism 

• wedge axiom: if {X,A,t) = I[i^i(Xi, Ai,Ti) then the natural map 

i<£l 

is an isomorphism. 

• For the base point G Imisix, we require that A) = E''{X,A) 
with the given definition of E". 

Often, one will require additional structure, in particular a monoidal struc- 
ture on Tlristjc which one typically writes additively. Then one requires a 
natural bilinear product 

£;^i+"(X, A) E'''+'^{X,A) £;^i+^=+"+"(X, A) 

which should be associative and graded commutative up to the natural isomor- 
phism of twistings coming from the monoidal structure. 

In this situation, one would also require a functorial and compatible push- 
forward for a proper map between smooth manifolds f : X ^ Y 

. £;/*-r+o(/) + *('J^) _^ j^T +*- (dim X -dim Y ) ^Y'^ 

where o(/) is an orientation twist associated to the map /. An _E-orientation 
of the map / will give rise to a trivialization o(/) — >■ 0, so that for an oriented 
map one has a push-forward 

J, . E-^''^'^* (X) jTjr + *-{dimX-dimY) 

As usual with cohomology theories, there are variants, depending on which 
category of spaces and pairs of spaces one considers, and for which situations 
precisely one requires excision. 

In the approach of [T] these axioms can easily be realized. 

7.3 Example. As mentioned in Section [TTTl one can twist de Rham cohomol- 
ogy, defined on the category of smooth manifolds (possibly with boundary), as 
follows. Let iV be a graded commutative algebra, e.g. N = M[u,w~^]. 
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• Troistx := f2j^g(X; N), the closed -/V-valued forms of total degree 1, with 
puUback the usual pullback. The base point is the form f2 = 0. 

• The morphisms from 17 1 to 1^2 are given by all forms ?/ G ^'^{X; N) with 
Q2 = ^1 + drj. Composition is defined as the sum of differential forms. 

• H^R^'+^^X^A) ker(d"|0^^,o„+2fc)/im(d"), with differential d'^^uj) := 
du! + il. Note that the fact that ft is closed implies that this is indeed a 
differential. 

• Given a morphism r] £ ilP{X;N) from fii to Jli + dr], define the induced 
isomorphism of twisted de Rham groups 

rj* : N) ^ N); [u;] ^ [u U exp(-^)] 

• The sum of forms defines a strictly symmetric monoidal structure on Ttrist 
and the cup product of differential forms induces an associative and graded 
commutative product structure on twisted de Rham cohomology. 

7.4 Remark. A variant of Example 17.31 uses as twists only the differential forms 
Troist^ ;= H^^qIX) ■ u C ftli^Q{X;N). This is particularly relevant for the 
comparison with K-theory. 

Note that the for the isomorphism classes of twists one obtains 7ro(TrDist^-) = 

In the case of K-theory, there are many different models for the groupoid of 
twists we consider. A particularly simple version is the following: Let U be the 
unitary group of an infinite dimensional separable Hilbert space H (with norm 
topology) and PU := U/S^ where is the center, the multiples of the identity. 
Because of Kuipcr's theorem, U is contractible and PU has the homotopy type 
of the Eilcnbcrg-MacLane space K{'Z,2). Let K be the C*-algcbra of compact 
operators on H. Conjugation defines an action of PU on K by C*-algcbra 
automorphism. 

7.5 Example. Assume that B is compact. Ttrists, the groupoid of twists for K- 
theory on B is now defined as the category of principal P[/-bundlcs over B, with 
morphisms the homotopy classes of bundle isomorphisms. If t is such a bundle, 
we can form the associated bundle of C* -algebras TXpjj K. The sections of this 
bundle form themselves a C*-algebra. Now set K'^~^*{B) := K*(r{T x pu K)). 
A isomorphism (3: t' ^ t oi PU -principal bundles induces an isomorphism of 
associated K-bundles and therefore also of the C*-algebras of sections, which 
finally induces a (functorial) isomorphism (3* : if *+'^ {B) — >• K*^'^{B). 

Algebras of sections of K-bundles like r X-bu K are called '"continuous trace 
algebras'" and are an important object of study in operator algebras, com- 
pare e.g. |6Ij . This point of view of twisted K-theory — using continuous trace 
algebras — is exploited and developed e.g. in ISUl IMl [55] . 

Homotopy invariance of K-theory of C* -algebras implies that /3* depends 
only on the homotopy class of /3. The trivial twist is the trivial bundle PU x B. 
Its automorphisms are given by maps from B to PU . As PU = K{X, 2), the set 
of homotopy classes of such maps is H^{B;Z). For the special case of torsion 
classes in H^{B; Z), this model has first been considered in [53]. More precisely, 
this paper uses bundles of finite dimensional matrix algebras over B instead 
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of K-bundles which is exactly the reason why only torsion twists occur. The 
general case is studied in [SSHM]- Another, closely related model for the twists 
is given by f7(l)-bundle gerbes. This point of view is studied e.g. in |15] . 

Note that PU also acts by conjugation on the space Fred of Fredholm opera- 
tors on H. The latter is a model for the zeroth space of the K-theory spectrum. 
Given a twist r, we can form the associated bundle r x pjj Fred. We can then 
define K^^'^{B) alternatively as the homotopy classes of sections of r x p[/ Fred. 
This model is used e.g. in [5J|B]. One can define K^~^'^(B) by using an appro- 
priate classifying space for instead of Fred which is a classifying space for 
K". 

Obviously, a more refined version of this construction uses bundle of spectra 
(also called parameterized spectra) instead of bundles of spaces. A very precise 
version of such a model, with a satisfactory description of a product structure, 
of orientation and of the natural transformation from twisted spin'^-cobordism 
to twisted K-theory corresponding to the Atiyah orientation has been worked 
out in When dealing with bundles, it is necessary to deal with objects and 
maps on the nose, and not only up to homotopy. 

Our description suggests a further " 'categorification" ' of the concept of 
(twisted) generalized cohomology theory. In the same way as twists have to 
be considered as a groupoid, one should also think of (twisted) generalized co- 
homology as a groupoid. The objects of this groupoid arc the cocycles, and 
a cochain c of shifted degree (modulo boundaries) is a morphism from x to 
x' = X + dc. This would require a two-groupoid of twists, e.g. a two-truncation 
of the mapping space (|7.ip . 

More explicitly, in in our example we might think of H^{X; Z) as the groupoid 
whose objects are isomorphism classes of principal P[/-bundles over X, mor- 
phisms are P?7-bundle maps and 2-morphism are homotopies of PJ7-bundle 
maps. Similarly, we might think of K^^'^{B) as the groupoid whose objects are 
sections of r x pu Fred and with morphisms homotopies of sections. If one 
likes cxD-categories then one could consider twisted cohomology as an oo-functor 
which associates to a twist r 6 map5pgj,j^^(E°°X+, gZi(£^)) the spectrum of sec- 
tions of the associated bundle Et of spectra. This can be made precise using [I] . 
In this picture it is easy to implement additional structures like multiplication 
or push-forward. 

In the truncated groupoid picture most of this has been carried out in the 
even more elaborate equivariant situation in j381 Section 3] . The model there is 
based on the construction of twisted K-theory spectra. 

7.2 Twisted differential K-theory 

To define the concept of a twisted differential generalized cohomology theory, 
one has to combine the concept of twist with the concept of differential extension 
(which is not a cohomology theory, but there the deviation is well under control) . 
One does need groupoids of differential twists which contain differential form 
information. Along the way, one will need an appropriate Chern character to 
twisted de Rham cohomology. 

The following definition, what in general a twisted differential cohomology 
theory should be, follows essentially [Ul Appendix A. 3]. 



40 



Ulrich Bunke and Thomas Schick 



7.6 Definition. A differential extension of a twisted coliomology tlieory as in 
Definition 17.21 consists of tfie following data: 

• for each smooth manifold X a groupoid Tlrist^ ^, together with (weakly) 
functorial pullback along smooth maps. They form a weak prcsheaf of 
groupoids. As above, we can "combine" all these groupoids to the category 
Ttrist^. 

• natural functors 

F: Troisi^ ^ Iwisix 
Curv: Troist^ ^. ^ ^2rf^o(^;^)■ 
Here and in the following, we lift the action of ilP{X;N) on twisted de 
Rham cohomology with the same formula to the twisted de Rham com- 
plexes. 

• To each t G Troistj, ^ we assign a Chern character 

ch^ ^ H^;^"^^'^+*{X;N), 

natural with respect to pullback. 

• The differential twisted extension of E is then a functor from the category 
of differential twists Ttuist^ to graded abelian groups: 

iX,r)^E^+*iX). 

Note that this includes functoriality with respect to pullback along smooth 
maps and along isomorphism of twists. 

• There are natural (for pullback along smooth maps and along isomorphism 
of twists) transformations 

/: E^+*{X) ^ E^'-^^+^X) 
R: E^+*iX)^n*,a...,.,=oiX;N) 
a: n*-\X;N)/im{d'^''"^^'>) E^+*{X). 

• They satisfy 

Roa = dCurv(r) ^j^r ^ 

where pr: ^*^c^.x,^{t)^q{X] N) H^I^'^'''^\X; N) is the canonical projec- 
tion. 

• Using these, we get exact sequences 

EF(^^+*-\X) ^Q*-\X;N)/im{d^''"^^^) ^E^+*(X) ^ E^'^^^+* {X) ^ {) 

Additionally, one would typically like to have a compatible product structure, 
as in Definition 17.21 with an adopted rule for the compatibility of the transfor- 
mation a. 
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Finally, if one has a product structure, one would like to have a push-forward 
along smooth maps (or at least proper submersions) / : X — > y of the form 



where o(/) is a differential orientation twist associated to /. A differential E- 
orientation should induce a trivialization o(/) so that in this case one gets 
a push-forward 



A first attempt toward a definition and description of twisted differential 
K-theory is given in [31] , although not exactly in the setting of Definition 17.21 
The main problems are of course: 

(1) construction of the groupoid of differential twists 

(2) construction of the differential cohomology groups 

(3) construction of the push-forward. 

|31| works with C/(l)-banded bundle gerbes with connection and curving 
as objects of the groupoid of twists, and the curvature 3-form of this connec- 
tion and curving is the transformation Curv (on objects). Given such a twist, 
they construct a principal PU (iJ )-bundle. Their twisted differential K-theory is 
then based on sections of associated bundles of Fredholm operators and explic- 
itly constructed locally defined vector bundles with connection. For the rather 
elaborate precise definition, we refer to Section 3]. 

7.7 Definition. The twists for X used in [351 Definition A.l] are geometric 
central extensions. Such a geometric central extension is 

(1) a groupoid {Pq, Pi) with a local equivalence to the trivial groupoid {X, X), 

(2) a central J7(l)-extension of groupoids i — > Pi 

(3) in particular, L — > Pi is a J7(l)-principal bundle, and another part of the 
data is a connection V on this principal bundle, 

(4) moreover, L — > Pi being a central extension means one has over P2 = 
Pi X Pg Pi an isomorphism of line bundles A: pr^ L eg) pr2 L — > o*L using 
the two projections and the composition of arrows pri,pr2,o: P2 — >■ Pi. 
A should satisfy the cocycle condition, i.e. the two different ways to map 
Lh® Lg ® Lf to Lhogof on P3 = Pi x Pi x Pi coincide. 

(5) a 2-form oj efl'^iPo). 

These ingredients have to satisfy certain compatibility conditions explained in 
[45 [ Definition A.l]. In particular, Pioj—p^oj = '^^^ f?^, and A is an isomorphism 
of line bundles with connection. 

In [45| it is observed that no construction of twisted differential K-theory 
with their twists (the geometric central extensions) is available yet, but one 
certainly expects that such a construction is possible. 
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7.3 T-duality 



Motivated from string theory, T-duality is expected to be an equivalence of low 
energy limits of type IIA/B superstring theories on T-dual pairs. In particu- 
lar, as D-brane charges are classified by twisted K-theory, T-duality predicts 
a canonical isomorphism between appropriate twisted K-theory groups of the 
underlying topological spaces of the T-dual pairs. This prediction has been 
made mathematically rigorous under the term "topological T-duality". It is 
investigated e.g. in p i [23 l [22 l [29 ] . 

We briefly introduce into the mathematical setup as proposed in |22[ Section 
2], compare also [IHl Section 4]. 

7.8 Definition. We let T" = [/(I)" be the n-dimensional real torus, considered 
as Lie group. Let i? be a topological space (often with some restrictions, e.g. to 
be a compact CW-complex). 

A T-duality triple consists of two r"-principal bundles E, E' over the com- 
mon base space B, and twists r G ItoistE-, t' € TroisiE' for K-theory. The third 
ingredient of a T-duality triple is an isomorphism of twists u: p*T {p')*t' 
over the correspondence space E x b E' with the two canonical projections 
p: E Xb E' E and p': ExbE' ^ E' . 

The twists and the isomorphism u of twists have to satisfy certain conditions. 
These are most transparent if rt = 1. In this case, they simply say that 



where [t] G H^{E;Z) is the characteristic class determined and determining 
the isomorphism class of the twist r. Moreover, restricted to a point each 
X £ B, t\e^ and t'^, are canonically trivialized (because E^ = U{1) ^ E'^ 
have vanishing and H^). Consequently, using the induced trivializations, 
the restriction of u to the fiber over x becomes an automorphism of the trivial 
twist and therefore is classified by an element in H^{Ex x^ E'^) = H'^{U{1) x 
[/(I); Z) = Z. We require that this element is the canonical generator. 

For the details for general n, we refer to [SUl Section 2], where this is again 
treated using cohomology, or [521 Defintion 4.1.3] where the language of stacks 
is used. 

Of course, in this setting we first have to choose appropriate data for a 
twisted extension of K-theory, e.g. the model where twists are P[/-principal 
bundles or [/(l)-banded gerbes. 

7.9 Definition. Given a T-duality triple {{E,t), {E' ,t'),u) as in Definition 
17.81 we define the T-duality transformation of twisted K-theory 



It is defined as the composition of pull-back to the correspondence space, using u 
to map r-twisted K-theory to r'-twisted K-theory and finally integration along 
p' , where we use the fact that r"-principal bundles are canonically oriented for 
any cohomology theory, in particular for K-theory. 




T p\u*p* : K*+^{E) K* 



[E'). 



(7.10) 



The main results of [35] and [21] concern 
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(1) the classification of T-duality triples: there is e.g. a universal T-duality 
triple over a classifying space R„ of such triples whose homotopy type is 
computed: it is the homotopy fiber in the sequence 

Rw^ A'(Z",2) xif(Z",2) ^K{Z,4) (7.11) 

where the map U is the composition of the map associated to the usual cup- 
product and the standard scalar product of the coefficient group Z"®Z" — > 
Z. 

Note, therefore, that up to equivalence all the information of a T-duality 
triple is given by two T"-principal bundles P, P' with Chern classes ci , . . . , c, 
c']^, . . . , with "^Cic'^ = 0, together with an explicit trivialization of the 
cycle representing this product (e.g. a lift of its classifying map to the 
homotopy fiber R„). 

In [22], we also discuss, which pairs [E, r) can be part of a T-duality triple 
and in how many ways. For n = 1, this is always the case, even in a unique 
way (up to equivalence). For n > 1, both these assertions are wrong in 
general. 

(2) The T-duality transform T of (|7.10p is always an isomorphism (compare 
m Theorem 6.2]). 

7.4 T-duality and differential K-theory 

Alex Kahle and Alessandro Valentino j^S] study the effect of T-duality in dif- 
ferential K-theory. They follow the approach of Section [7751 i.e. they first make 
a precise definition of a differential T-duality triple [33 Definition 2.1] (there 
called "pair"). 

However, they make very efficient use of the higher structures of differential 
cohomology alluded to above. 

7.12 Definition. Fix a base space B. A differential T-duality triple on B 
according to Kahle and Valentino [ISJ Definition 2.1] first consists of two objects 
V = (P, V),P' = (P', V') in the groupoid of cycles for differential cohomology 
with coefficients in Z", given by two T"-bundles with connection over i?, tt : P — > 
P, tt': P' ^ B. 

Secondly, using a product on the level of the groupoid of cycles, form V ■ V , 
a cycle for H'^{B; Z) (on the level of the coefficients Z", for this multiplication 
we use the standard inner product). The last ingredient for a T-duality triple 
is an isomorphism in the groupoid of cycles for differential H^: 

Note that the existence of such a trivialization is a strong condition on P,P'. 

Observe that this description is very much in line with the description of the 
homotopy type of the classifying space for topological T-duality triples (|7.1ip 
and the resulting description of T-duality triples. 

To obtain the twists for differential K-theory one expects for a differential 
T-duality triple, Kahle and Valentino argue as follows: 

The puUback of P to the total space P of the underlying bundle has a canoni- 
cal trivialization, and similarly for P' . This trivialization can be multiplied with 
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TT*V' to give a trivialization of tt*V ■ tt*V'. The composition of tt*(t with the 
inverse of this is an automorphism of the trivial object and therefore defines a 
cycle f for the third differential coliomology of P. Similarly, we obtain a cycle 
f' for the third differential cohomology of P' . Finally, in [351 Lemma 2.2], it is 
shown how the canonical trivializations of Tr*V and {■n'Y'P' give rise to a mor- 
phism ii in the groupoid of cycles for H^{P x b P') from p*T to {p')*f', where 
p: P Xb P' ^ P, p' : P y. B P' ^ P' are the canonical projections. 
The crucial points assumed by Kahle- Valentino is 

(1) to have a groupoid cycle model for differential cohomology where cycles 
for are principal [/(l)-bundles with connection and where one has a 
multiplication with good properties on the level of cycles 

(2) to have a model for a twisted extension of differential K-theory, where the 
groupoid of cycles for is exactly the groupoid of twists. 

Let us repeat that, at the moment, no complete construction of twisted differ- 
ential K-theory satisfying these requirements seems to be available. 

With these assumptions, it is now immediate how to define a T-duality trans- 
formation in twisted differential K-theory (assuming that "integration along 
T"-principal bundles with connection" is also defined for the twisted differen- 
tial K-theory at hand): 

f ■-p'. ou* op*: k*+'^{P) (7.13) 

Here ii* is the isomorphism induced by the isomorphism of differential twists u 
of j45l Lemma 2.2] as above. 

However, there is one observation to be made: upon application of the cur- 
vature transformation, simple calculations show that T can never be surjective, 
as the forms in the image of its differential form analog have a very specific 
invariance property under the action of T". 

7.14 Definition. For a T"-principal bundle like P, let f be a cycle for differ- 
ential cohomology and twist for differential K-theory as above and assume that 
the differential form i?(f) is r"-invariant. Define the geometrically invariant 
subgroup of twisted differential K-theory as 

K*+^Pf" := {x e k*+^{P) I g*R{x) = R{x) \fg G T"}. 

With this notion, Kahle and Valentino prove their main result |45[ Theorem 
2.4]. 

7.15 Theorem. The differential T-duality transform T of (j7.13p preserves the 
geometrically invariant subgroups and defines an isomorphism 

f: k*+^Pf" ^ A'*-"+^'(P') 

The main point of the proof of this theorem is the construction of the trans- 
formation in such a way that it is compatible with all the transformations given 
for differential K-theory. One then has to check/use that the transformation 
is an isomorphism for geometrically invariant forms (the image under the cur- 
vature homomorphism of geometrically invariant differential K-thcory) and for 
topological twisted K-thcory. The proof then concludes using the five lemma. 
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8 Applications of differential K-theory 

Differential K-thcory is a natural home for many well known, and hopefully 
some new, typically secondary invariants. In this section, wc want to present 
some examples of this kind. To be able to do this, we start with a couple of 
elementary calculations. 

8.1 Lemma. 

as follows directly from the short exact sequence (j2.4p . 

8.1 Holonomy 

Let (y, V) be a Hermitian vector bundle of rank n over with unitary connec- 
tion and with holonomy (j) (well defined modulo conjugation in U{n)). (V, V) 
defines a geometric family V and therefore an element in differential K-theory 
[V,0]. By [Ml Lemma 5.3] 

8.2 Lemma. 

[V,O]=a(^det(0)). 

8.2 Z/A;Z-invariants 

Recall that a Z/ZcZ-manifold is a manifold W with boundary together with a 
manifold X together with a diffeomorphism / : dW — > X 11 . ^ . 11 X . 

n copies 

Wc now associate to a family of Z/fcZ-manifolds over B a class in Kfiat{B). 

8.3 Definition. A geometric family of 'Z/k'Z-manifolds is a triple (W, £,(/>), 
where W is a geometric family with boundary, £" is a geometric family without 
boundary, and (j>: dW ^ k£ is an isomorphism of the boundary of W with k 
copies of £. 

We define u(W, £, (j)) := [f , -^rj(W)] £ k{B). 

8.4 Lemma. We have w(W, G Kfiat{B). This class is a k-torsion class. 
It only depends on the underlying differential-topological data. 

8.5 Theorem. Let B ^ * and dim(W) be even. Then u{W,£,4>) G kji^f {*) = 
M/Z. Let ik '. TLjklj ^> M/Z the embedding which sends 1 + fcZ to ^. Then 

ik{mda{W))^u{W,£,(b) , 

where ifc(inda(W^)) G Z/fcZ is the index of the Z/ kl^-manifold W , and where we 
use the notation of 140^ . 
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8.3 Reduced eta-invariants 

Let TT be a finite group. We construct a transformation 

Let f: M ^ BU{n) x Btt represent [Af , /] e 0.^^^"^"' {BU {n) x B-k). Tliis map 
determines a 7r-covering p: M ^ M and an n-dimensional complex vector bun- 
dle V — > M. We choose a Riemannian metric g^*^ and a spin'^-connection V. 
These structures determine a differential if-orientation of i; M ^ *. Wc fur- 
ther fix a metric and a connection in order to define a geometric bundle 
V := {V, hX , V^) and the associated geometric family V. The pull back of 
and V via M — > M fixes a differential -orientation of M — >• *. 
Then we set 

0([A/,/]) [t,(p*V) |7r|t,V°^0] S ■ 

In Section 5.10] it is shown that this class only depends on the bordism 
class of [M, /]. 

More generally, without even the assumption that tt is finite, choose two finite 
dimensional representations pi,p2 of tt of the same dimension, with associated 
flat bundles Fi,F2. Replace in the above |7r|t!V by t\{V ® F2) and i\{p*V) by 

Note that this boils down to the previous case if pi is the regular repre- 
sentation of the finite group tt. and p2 is C''^', where C stands for the trivial 
representation. 

8.6 Proposition. This construction defines a homomorphism 

0p„p, : nf^\BUin) X Bn) ^ KJiU*)- 

If d is even, the target group is trivial. If d is odd, KJ^^^{*) ^ M/Z. In this 
case, 4'pi,P2 coincides with the reduced rho-invariant of Atiy ah- Patodi- Singer. 

The construction immediately generalizes to a parameterized version: to a 
smooth family of d-dimensional spin'^-manifolds parameterized by B, with a 
family of C"-vcctor bundles and also of 7r-covcrings one associates in the same 
way a class in Kji'^f.{B). 

For details of all of this, compare |26l Section 5.10]. 

8.4 e-invariant 

A framed manifold is a manifold RI together with a trivialization of its tangent 
bundle. 

PSI Proposition 5.22] states that a bundle of framed n-manifolds n: E ^ B 
has a canonical differential K-orientation, given by the fiberwise spin'^-structure 
which comes from the trivialization, and the spin'^-connection which again comes 
from the trivial connection (form part 0). We then define 

e{[TT:E^B]):=h{l)eKJil,{B). 

The push-down is with respect to the canonical X-orientation of tt, and the 
flatness of the connection of this differential K-orientation in the end implies 
that i?(7ri(l)) = 0. 
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8.7 Proposition. If B = * and n is odd, e{[B]) G Kjilti*) = K/Z. 

This class coincides with the Adam's classical e-invariant for the stable ho- 
motopy groups, identified with the framed bordism groups. 

For details, compare [26l Section 5.11]. 

8.5 Secondary invariants for string bordism 

In |21j . using spectral invariants of Dirac operators, Bunke and Naumann con- 
struct a secondary Witten genus, a bordism invariant of string manifolds. They 
use differential cohomology to facilitate some of their calculations, compare 
e.g. [m Lemma 2.2]. 

9 Equivariant differential K-theory and orbifold 
differential K-theory 

As explained in Section fTTTl one of the motivations for the study of differential K- 
theory comes from physics, where fields in abelian gauge theories are suggested 
to be modelled by cocycles for differential K-theory and where some of the main 
features are captured by the properties of differential cohomology theories. In 
Section [TjH we have seen how this is successfully applied to T-duality, another 
important subject motivated by string theory. 

In particular for the latter, however, mathematical physics also requires the 
study of singular spaces. Such singular spaces often arise as quotients of smooth 
manifolds by the action of a group, which is one reason why equivariant situ- 
ations are important. We would therefore like to study differential K-theory 
for singular spaces and equivariant differential K-theory. Unfortunately, these 
theories are not well understood yet. 

In [5S], we construct differential i^T-theory of representable smooth orbifolds, 
i.e. global quotients of a manifold by a compact group. The construction is 
based on equivariant local index theory in the spirit of Section 14.31 The rele- 
vant Chern character takes values in delocalized de Rham cohomology of the 
orbifold. In case of a global quotient by a finite group, this is defined in terms of 
the de Rham complexes of the fixed point sets. We obtain a ring valued functor 
with the usual properties of a differential extension of a cohomology theory. 
For proper submersions (with smooth fibers) we construct a push-forward map 
in differential orbifold if-theory. Finally, we construct a non-degenerate inter- 
section pairing with values in C/Z for the subclass of smooth orbifolds which 
can be written as global quotients by a finite group action. We construct a 
real subfunctor of our theory, where the pairing restricts to a non-degenerate 
M/Z- valued pairing. Indeed, we use in that paper the language of (differentiable 
etale) stacks which turns out to be particularly convenient. 

In |63l Section 5.4], a model for equivariant differential K-theory in the spirit 
of Section 1321 is constructed. It uses the fact that there are very nice models for 
the classifying space for equivariant K-theory. As target for the Chern character 
on equivariant K-theory |63j uses Bredon cohomology with coefficients in the 
representation ring tensored with M. Via a de Rham isomorphism, this is canon- 
ically isomorphic to delocalized de Rham cohomology. As in the non-equivariant 
case, this model is not so well suited to the construction of a product structure 
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and of push- forwards, which are therefore not discussed in However, in 

[551 Section 6] is described how equivariant differential K-theory can be used 
to described Ramond-Ramond fields and their flux quantization condition in 
orbifolds of type II superstring theory. 

The preprint |59j gives yet another construction of differential equivariant 
iiT-thcory for finite group actions along the lines of , i.e. of Section IT^ More- 
over, it constructs a product and push-forward to a point. The constructions 
arc mainly homotopy theoretical. Ortiz in |59j raises the interesting question |59l 
Conjecture 6.1] of identifying his push- forward in analytic terms. In the model 
of [55] , in view of the geometric construction of the push- forward and the ana- 
lytic nature of the relations, the conjectured relation is essentially a tautology. 
See [261 Corollary 5.5] for a more general statement in the non-equivariant case. 
[59l Conjecture 6.1] would be an immediate consequence of a theorem stating 
that any two models of equivariant differential if-theory for finite group actions 
are canonically isomorphic in a way compatible with integration. It seems to be 
plausible that the method of [27] extends to the equivariant case. In [SS], the 
conjectured equivariant index formula is proved in a number of special cases, 
e.g. if r is trivial, or in case the G-manifold is a G- boundary. 
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